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Elementi od teorija na verojatnost

Zadaqa 1.1. Ako X1, X2, ..., Xn se nezavisni i ednakvo raspredeleni sluqajni

promenlivi so Bernulievi 0, 1 raspredelbi so parametar p, 0 < p < 1, togax

sluqajnata promenliva Y = X1 + X2 + ... + Xn ∼ B(n, p). Poka�i.

Zadaqa 1.2. Vrskata meǵu Poasonova i Binomna raspredelba e slednata

lim
n→∞, np→a

(

n

k

)

pk(1 − p)n−k =
ak

k!
e−a.

Poka�i.

R ex enie. I mame deka

(

n

k

)

pk(1 − p)n−k =
n!

k!(n − k)!
pk(1 − p)n−k =

=
n(n − 1)(n − 2) · · · (n − k + 1)

k!
pk(1 − p)n−k

=
(np)k

k!
·
n(n − 1)(n − 2) · · · (n − k + 1)

nk
(1 − p)n−k

=
(np)k

k!

(

1 −
1

n

)(

1 −
2

n

)

· · ·
(

1 −
k − 1

n

)

(1 − p)n−k.

Bidejḱi, (1 − p)n−k =
(

(1 − p)−1/ p
)

−np+kp
→ e−a, koga np → a i p → 0, imame deka

(

n

k

)

pk(1 − p)n−k
→

ak

k!
e−a,

koga n → ∞ , np → a, p → 0.
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Zadaqa 1.3. A ko X1, X2, ..., Xn se nezavisni slu q ajni p romenlivi, p ri x to Xi ∼
P (ai), i = 1, 2, ..., n, togax slu q ajnata p romenliva Y = X1 + X2 + ... + Xn ∼ P(a),
kade a = a1 + a2 + ... + an. P oka� i.

Zadaqa 1.4. A ko slu q ajnata p romenliva X ima N (µ, σ2) rasp redelb a, togax
slu q ajnata p romenliva Y = X−µ

σ
ima N (0, 1) rasp redelb a. P oka� i.

R e x e n i e . N eka x ∈ R e p roizvolen. T ogax , za f u nk c ijata na rasp redelb a za
Y imame

FY (x) = P{Y ≤ x} = P{X−µ
σ

≤ x} = P{X ≤ σx + µ} = FX(σx + µ),

od kade gu stinata na rasp redelb a na Y e

pY (x) = F ′
Y (x) = F ′

X(σx + µ) · σ = pX(σx + µ) · σ =

= σ · 1√
2π · σ

· e−
(σx+µ−µ)2

2σ2 =
1√
2π

· e−
x2

2 ,

i zaklu q u vame deka Y ∼ N (0, 1).

Zadaqa 1.5. P oka� i deka za slu q ajnata p romenliva X ∼ N (µ, σ2) va� i p r av -

i l o t o n a t r i s i g m i , odnosno

P{µ − 3σ ≤ X ≤ µ + 3σ} = 0, 9 9 7 3 = 9 9 , 7 % .

R e x e n i e . O d S vojstvo 1 .4 imame deka Y = X−µ
σ

∼ N (0, 1). T ogax ,

P{µ − 3σ ≤ X ≤ µ + 3σ} = P{−3σ ≤ X − µ ≤ 3σ} =

= P{−3 ≤ X−µ
σ

≤ 3} = P{−3 ≤ Y ≤ 3} =

= Φ0(3) − Φ0(−3) = 2Φ0(3) = 2 · 0, 49 8 6 7 = 0, 9 9 7 3 ≈ 9 9 , 7 % ,

kade Φ0(x) = 1√
2π

∫ x

0
e−u2/2d u e L ap lasoviot integral q ii vrednosti se q itaat

od tab lic a.

Zadaqa 1.6. A ko Xi ∼ N (µi, σ
2

i ), i = 1, 2, ..., n se nezavisni slu q ajni p romenlivi,
togax Y = a1X1+...+anXn ∼ N (µ, σ2) kade µ = a1µ1+...+anµn i σ2 = a2

1
σ2

1
+...+a2

nσ2

n.
P oka� i.

R e x e n i e . K arakteristiq nite f u nk c ii na slu q ajnite p romenlivi Xi ∼ N (µi, σ
2

i ),
i = 1, 2, ..., n se

ϕXi
(t) = E eitXi = eitµi−σ2

i t2/2, i = 1, 2, ..., n.
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O d svojstvoto na karakteristiq na f u nk c ija na linearno zavisna p romenliva
t.e. ϕaX+b(t) = eitb · ϕX(at), imame

ϕaiXi
(t) = ϕXi

(ait) = eitaiµi−σ2

i a2

i t2/2.

B idejḱi Xi, i = 1, 2, ..., n se nezavisni, za karakteristiq nata f u nk c ija na Y =
a1X1 + ... + anXn imame

ϕY (t) = ϕa1X1+...+anXn(t) =
n∏

i=1

ϕaiXi
(t) =

n∏

i=1

eitaiµi−σ2

i a2

i t2/2 =

= eit
� n

i=1
aiµi−(

� n
i=1

σ2

i a2

i )t2/2,

znaq i Y ∼ N (µ, σ2) kade µ =
∑n

i=1 aiµi i σ2 =
∑n

i=1 a2
i σ

2
i .

Zadaqa 1.7. A ko X ∼ U (0, β), togax Y = (− 1
β

ln (X
β
)) ∼ E (β). P oka� i.

Zadaqa 1.8. A ko Xi, i = 1, 2, ..., n se nezavisni slu q ajni p romenlivi taka x to
Xi ∼ Γ (αi, β), i = 1, 2, ..., n, togax Y = X1 + ... + Xn ∼ Γ (α, β) kade α = α1 + ... + αn.
P oka� i.

R e x e n i e . K arakteristiq nite f u nk c ii na slu q ajnite p romenlivi Xi ∼ Γ (αi, β),
i = 1, 2, ..., n se

ϕXi
(t) = (1 − itβ)−αi , i = 1, 2, ..., n.

B idejḱi Xi, i = 1, 2, ..., n se nezavisni, za karakteristiq nata f u nk c ija na Y =
X1 + ... + Xn imame

ϕY (t) = ϕX1+...+Xn(t) =
n∏

i=1

(1 − itβ)−αi = (1 − itβ)−
� n

i=1
αi ,

od kade zaklu q u vame deka Y ∼ Γ (α, β) kade α =
∑n

i=1 αi.

Zadaqa 1.9. A ko X ∼ N (0, 1), togax Y = X2 ∼ χ2
1. P oka� i.

R e x e n i e . N eka x > 0, togax za f u nk c ijata na rasp redelb a na Y imame

FY (x) = P{Y ≤ x} = P{X2 ≤ x} = P{| X | ≤ √
x} = FX(

√
x) − FX(−√

x).

G u stinata na rasp redelb a na Y e

pY (x) = F ′
Y (x) = F ′

X(
√

x) · 1
2
√

x
− F ′

X(−√
x) · (− 1

2
√

x
) =

= 1
2
√

x
· (pX(

√
x) + pX(−√

x)) = 1
2
√

x
· ( 1√

2π
e−x/2 + 1√

2π
e−x/2) =

= 1
2
√

x
· 2 · 1√

2π
e−x/2 = 1√

2πx
e−x/2 = x−1/2e−x /2

21/2Γ (1/2)
,

zatoa x to Γ (1/2) =
√

π. Z naq i, Y ∼ χ2
1.
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Zadaqa 1.10. A ko X1 ∼ N (µ, σ2), togax Y = (X−µ)2

σ2 ∼ χ2
1. P oka� i.

Zadaqa 1.11. A ko Xi, i = 1, 2, ..., n se nezavisni i ednakvo raspredeleni slu q a-
jni promenlivi so N (0, 1) raspredelb i, togax Y = X2

1 + ... + X2
n ∼ χ2

n. P oka� i.

R e x e n i e . O d S vojstvo 1 .9 imame deka X2
i ∼ χ2

1 ≡ Γ (1
2
, 2), i = 1, 2, ..., n . O d

nezavisnosta na Xi, i = 1, 2, ..., n i S vojstvo ? ? imame deka Y = X2
1 + ... + X2

n ∼
Γ (n

2
, 2) ≡ χ2

n.

Zadaqa 1.12. A ko Xi ∼ χ2
mi

, i = 1, 2, ..., n se nezavisni slu q ajni promenlivi,
togax Y = X1 + X2 + ... + Xn ∼ χ2

m, kade m = m1 + m2 + ... + mn. P oka� i.

Zadaqa 1.13. A ko X ∼ N (0, 1) i Y ∼ χ2
n se nezavisni slu q ajni promenlivi,

togax Z = X√
Y
n

∼ tn. P oka� i.

R e x e n i e . O d nezavisnosta na X i Y , za raspredelb ata na slu q ajniot vektor
(X, Y ) imame

pX,Y (x, y ) = 1√
2π

e−x2/2 · yn/ 2−1

2n/ 2Γ (n/2)
e−y/2, y > 0.

V ovedu vame novi slu q ajni promenlivi U = X√
Y /n

i V = Y , od kade imame deka

X = U
√

V/ n i Y = V . T ogax , za J akob ijanot na transf ormac ijata imame

J =

∣

∣

∣

∣

√

v
n

u√
n
· 1

2
√

v

0 1

∣

∣

∣

∣

=
√

v
n
.

G u stinata na raspredelb a na slu q ajniot vektor (U, V ) e

pU,V (u, v ) = pX,Y (x(u, v ), y (u, v )) · |J | =

= 1√
2π

e−(1/2)u2(v/n) · vn/ 2−1

2n/ 2Γ (n/2)
e−v/2 · ( v

n
)1/2, v > 0.

B aranata marginalna gu stina e

pU(u) =

∫ +∞

0

pU,V (u, v)dv =

= 1√
2π

· 1
2n/2Γ(n/2)

·
∫ +∞

0

e−
u2v
2n · vn/2−1 · e−v/2 · ( v

n
)1/2dv =

= 1√
2π

· 1
2n/2Γ(n/2)n1/2

·
∫ +∞

0

e−(
u2

n
+1)·

v
2 · v

n+1
2

−1dv.

Stavame smena t = (u2

n
+ 1) · v

2
, i togax

pU(u) = 1√
2π

· 2
n+1

2
−1

·2·(
u2

n
+1)−1

2n/2Γ(n/2)n1/2(
u2

n
+1)

n+1
2

−1

·
∫ +∞

0

e−t · t
n+1

2
−1dt =

= 1√
nπ

· Γ(
n+1

2
)

Γ(n/2)
· (u2

n
+ 1)−

n+1
2 =

(
u2

n
+1)

−

n+1
2

B(1/2,n/2)
√

n
,
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zatoa x to B(1/2, n/2) = Γ(n/2)
√

π

Γ(
n+1

2
)
. Z naq i, U ∼ tn t.e. Z = X√

Y
n

∼ tn.

Zadaqa 1.14. A ko X1 ∼ N (0, 1) i X2 ∼ N (0, 1) se nezavisni, togax Y = (X1

X2
) ima

K ox eva rasp redelb a. P oka� i.

Zadaqa 1.15. A ko X1 ∼ χ2
n1

i X2 ∼ χ2
n2

se nezavisni slu q ajni p romenlivi,

togax Y = X1/n1

X2/n2
∼ Fn1,n2. P oka� i.

R e x e n i e . O d nezavisnosta na slu q ajnite p romenlivi X1 i X2, za rasp redel-
b ata na slu q ajniot vektor (X1, X2) imame

pX1,X2(x1, x2) =
x

n1/2−1
1

2n1/2Γ(n1/2)
e−x1/2 · x

n2/2−1
2

2n2/2Γ(n2/2)
e−x2/2, x1 > 0, x2 > 0.

V ovedu vame novi slu q ajni p romenlivi Y1 = X1/n1

X2/n2
i Y2 = X2/n2, od kade imame

deka X1 = n1Y1Y2 i X2 = n2Y2. T ogax , J akob ijanot na transf ormac ijata e

J =

∣

∣

∣

∣

n1y2 n1y1

0 n2

∣

∣

∣

∣

= n1n2y2.

G u stinata na rasp redelb a na slu q ajniot vektor (Y1, Y2) e

pY1,Y2(y1, y2) = pX1,X2(x1(y1, y2), x2(y1, y2)) · |J | =

= (n1y1y2)n1/2−1

2n1/2Γ(n1/2)
e−

n1y1y2

2 · (n2y2)n2/2−1

2n2/2Γ(n2/2)
e−

n2y2

2 n1n2y2, y1 > 0, y2 > 0.

B aranata marginalna gu stina e

pY1(y1) =

∫ +∞

0

pY1,Y2(y1, y2)d y2 =

= (n1y1)n1/2−1

2n1/2Γ(n1/2)
· (n2)n2/2−1

2n2/2Γ(n2/2)
· n1n2

∫ +∞

0

y
n1

2
−1

2 e−
n1y1y2

2 y
n2

2
−1

2 e−
n2y2

2 y2 d y2 =

= (n1y1)n1/2−1

2n1/2Γ(n1/2)
· (n2)n2/2−1

2n2/2Γ(n2/2)
· n1n2

∫ +∞

0

y
n1+n2

2
−1

2 e−
(n1y1+n2)y2

2 d y2.

S tavame smena t = (n1y1+n2)y2

2
i dob ivame

pY1(y1) = (n1y1)n1/2−1

2n1/2Γ(n1/2)
· (n2)n2/2−1

2n2/2Γ(n2/2)
· n1n2 · 2(n1+n2)/2

(n1y1+n2)(n1+n2)/2

∫ +∞

0

t
n1+n2

2
−1e−td t =

= (n1y1)n1/2

Γ(n1/2)
· (n2)n2/2

Γ(n2/2)
· 1

(n1y1+n2)(n1+n2)/2 · Γ (n1+n2

2
) =

=
(
n1

n2
)n1/2·y

n1/2−1
1

B(n1/2,n2/2)·(1+
n1y1

n2
)(n1+n2)/2

,

od kade zaklu q u vame deka Y1 ∼ Fn1,n2 t.e. Y = X1/n1

X2/n2
∼ Fn1,n2.
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Zadaqa 1.16. A ko X ∼ Fn1,n2
, togax Y = ( 1

X
) ∼ F (n2, n1). P oka� i.

Zadaqa 1.17. A ko X ∼ tn, togax Y = X2 ∼ F (1, n). P oka� i.

Zadaqa 1.18. A ko X1 ∼ N (0 , 1) i X2 ∼ N (0 , 1) se nezavisni slu q ajni p romen-

livi, togax Y = (X1

X2

)2 ∼ F1,1. P oka� i.

Zadaqa 1.19. A ko X1 ∼ E (β1) i X2 ∼ E (β2) se nezavisni slu q ajni p romenlivi,

togax Y = 1
X1+X2

∼ B e t(β1, β2). P oka� i.

Zadaqa 1.20. A ko X ∼ Fn1,n2
, togax Y = (n1/ n2)X

1+(n1/ n2)X
∼ B e t(n1

2
, n2

2
). P oka� i.
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