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1

EnemenTn om Teopuja Ha BepOjaTHOCT

1.1 CuyuyajHu IpPOMEHJINBU
Heka (2, F, P) e npocTOp Ha BEPOjATHOCT.

e Ciryuajua mpomensmBa nepunupana va ({2, F, P) e peaqno BpenHocHa (yH-
kmja € : 2 — R koja e mepamuBa Bo omHoc Ha JF u B T.e. 3a cure Bopenosu
muO%kecTBa B € B Baswu 1(B) = {w : {(w) € B} € F.

e dynrmmjara Py : B — R medunrupana co P:(B) = P{w: {(w) € B} = P((Y(B))
ce HapEeKyBa 3aKOH HA CJIyYyajHATA MPOMEHJIMBA &.

o Pymrnujara [ : R — R nepurupana co
Fe(x) = Pe((—o0,2]) = P{w : {(w) <a} = P(§ < x)

ce HapeKyBa (yHKIUja Ha paclpenesioa Ha caydajHaTa NPOMEHJIUBA &.
OcuoBHE cBOjcTBa: F; e HempekmHaTa on HecHO, [ e Heomarauka ¢(yHKIU]ja,
lim, o Fe(z) =0 m lim, o Fe(z) = 1.

e Crnyuyajuara mpoMeHIUBa ¢ € MUCKPETHA aKO MHOKECTBOTO O CUTE MOYKHU

BpenHocTu Ha &, omHocHO £(€1), € KOHeUHO MU IPeOPOUBO.

Canyuajuara npomennusa [, mepuHIpaHa co

1, weA
[A(w):{o w%A’

e mpuMep 3a IUCKpPeTHa ciaydajua npoMeniauBa co [4(2) = {0,1} u ce naperysa
VHIUKaTOp Ha HactaHot A € F.



4 1. Enementu on Teopuja Ha BEPOjATHOCT

e Cuyuajuara npoMeHauBa € allCOJIyTHO HENPEKWHATA aKO Hej3uHaTa (yH-
KIja Ha pacupenenda € alCoNyTHO HENpeKuHaTa (YHKOUja T.e. IIOCTOU
HeHeraTuBHa QyHENUja pe : R — R Taka ma

Fo) = [ pelwpda

3a cute r € R. Pynrnujara p; ce HapekyBa TyCTHMHA Ha pacupeneiaba Ha §.
Ocnosuu cBojctBa: pe(x) > 0, [* pe(x)de =1, m P{{ € B} = [, pe(x)dz, 3a

npou3BoaHo BopenoBo muoskecTtBo B € B.

Teopema 1.1. Hexa &1,&a, ..., &, ce cayuajnu npomenausy 0eGuHupart, Ha npocmopom
na eepojamuocm (2, F,P) u f : R* — R e Lopeaosa pynkyuja. Tozaw cexoja dym-
kyuja f(&1,&, ..., &) : 2 = R e uemo makxa cayuajna npomenausa.

Xk ok
Heka (2, F, P) e npocTOp Ha BEpPOjaTHOCT W HeKa n > 1 e mesa 6poj.
o dymrmujara ( : 2 — R" ce HapekyBa HOBeKeOUMEH3WOHAJIHA CJIyYajHa

IIPOMEHJINBA WV CJIIydyaeH BEKTOP akKo 3a cure LopenoBu MHO%ecTBa B €

B™ sazku ("1(B) = {w: ((w) € B} € F.

[TorommnonenTHo, ((w) = (¢ (w), G(w), ..., G (w)), w € Q, rame ¢ : Q@ — R,
1 =1,2,...,n. Ce mora:kyBa meka (i, (s, ...,(, ce caydyajHu TPOMEHJUBU aKO U
camo ako ¢ = ((1,(a,-..,(n) € N-AUMEH3UOHAJIEH CIIYYaeH BEKTOP.

e Oynrmnmjara P : B" — R gedpummumpana co FPr(B) = P{w : ((w) € B} =
P(¢7'(B)) ce napexyBa 3aKOH Ha CJIyYajHUOT BEKTOP (.

o dymrnujara F¢: R" = R nepurnpana co
Fg(l’l,l’g, ,J]n) = P(Cl S l‘l,CQ S T, '-'7Cn S J]n)

ce HapekyBa ¢yHKHuja Ha pacupenesnda #a ( = ((1, (s, ..., ().

e Cuyuajunor Bexkrop ¢ = ({1, (2, ...,(,) € O aICOJyTHO HEOIPEKUHAT THUII, aKO
F¢ e ancosyTHO HeIpeKMHaTa T.e. IOCTOU HeHeraTuBHa (yHEMuUja pc : R" — R
Taka Ia

1 Tn
Fg(xl,xg,...,xn):/ / pe(ur, ..oy Uy)duy ...duy,

3a cure (r1,%2,...,%,) € R". ®yHrnmjara p; ce HapeKyBa T'yCTHMHA HA pac-
npenesioa Ha (.

Npena CrojroBcka



1. Enementu on Teopuja Ha BEPOjATHOCT d

e Cayuajuure npoMenausu &1, &y, ..., &, BeInMe neKa ce HE3aBMCHM aKO 33 CEKOj
n3bop Ha BopenoBu muoskecTBa By, B, ..., B, € B umame

P(§1 € B1,& € By, ..., 60 € By) = P(& € B1)P(& € By)...P(§n € B).

Cayuajuu npomenmusu {&;}icr, kKane I e IPOM3BOIHO MHIEKCHO MHOMKECTBO,
BeJIMME MeKa Ce HEe3aBUCHU aKO 33 CEKOe KOHEYHO MHOKECTBO Ol PA3JIUYHU
WHIEKCH i1, ...,1; € I caydajHuTe IPpOMEHIUBH §; , ...,§;, CEe HE3aBUCHMU.

Teopema 1.2. Hexa &1, &, ..., &, CE HE3ABUCHU ANCOAYMHO HEND EKUHAMU CAYYAJHU NP O-
MeHAUBY dedunuparu na npocmopom na sepojamuocm (2, F, P) co eycmunu na pac-
npedeada Pe,, Peys -, P, coo0semmuo. Toeaw, & = (£1,&2,...,&,) € ancoaymmo wenpex-
UHAM CAYHAEH 8EKMOP CO 2YCMUKaG Ha pacnpedeada

pf(mla Lo, ..., xn) = D¢y (xl)péz ($2)p§n (l'n)

3a cume (1, Ta, ..., T,) € R™.

* ok ok

Heka ¢ = ((1, (s, ..., () € cry4yaeH BeKTOp He@UHUPAH HA TPOCTOPOT HA BEPOjaT-

woct (§2, F, P).

e Axo (1,(s,...,(, Ce MMCKPETHU CIIYyUYajHU MPOMEHJIVBY, yCJIOBHA pacmpeneiroa
Ha ((1,...,(;) OPA YCIOB ()11 = Ty, .-, = Ty CE HEPUHUPA KAKO

P(Cl =T, >Ck = T ‘ <k+1 = Tkt1, ,Cn =Tp) =
_ PG =21, G = Ty Got = Thg1s o Gn = En)
P(<k+1 = Tk41, 7<n = ‘/L‘n)

Y

3a P((kr1 = Tty G = @) > 0, mpu TOa ycnoBHara pacupenenba e (yH-
KIUja O Z1, ..., Tk TPU PUKCHU Ti i1, ..., Tp.

e Ako ¢ = ((1,(2,.--,(y) € OX AICOTYTHO HENPEKUHAT TUIl CO T'yCTUHA HA PAC-
upenenba pe(zi, T, ..., T,), yCIAOBHA pacmpenenada Ha ((i, ..., ;) IPU yCIOB
Cht1 = Tht1, -, Gn = Tp, CE TEPUHUPA KAKO

) _ p((xlv ooy Ty Th4-15 7~rn)

Péiiyentn (xk+17 ooy iL‘n)

pCly---ka (1’1, ey T | ZEk+1, B 5

L (Tk41s -y Tn) > 0, ¥ Ipy TOA yCIOBHATA pacupeneiaba € (yHKIMja
O X1, ..., T IPU QUKCHU Tk i1, ..., Tp.

Npena CrojroBcka



6 1. Enementu on Teopuja Ha BEPOjATHOCT

1.1.1 MaTteMaTUUYKO OUEeKyBammbhe

Heka ¢ : 2 - R e cayuajHa npomeHanBa AeUHUpPAHA HA IPOCTOPOT Ha Bepojar-
Hocr (€2, F, P). Hera P e 3akoH Ha ciydajHara npomeniausa { n Fy e pyHKIUja Ha
pacupenenba Ha £.

e MaremaTtuuko ouekyBaw-e Ha { e JleberoBuoT mHTETpAaI
Be = / £(w) P(dw) — / cdp.
Q Q

e Heka f: R — R e Bopenosa ¢pyuruuja. Toram, f(§) e cayyajHa npoMeHINBA
U 32 HEJ3MHOTO MATEMATUYKO OUCKYBaHE BayKW

Eﬂ@=[ﬁ@ﬂpzéﬂm&wmzégmM&@»

[Tocnemunor muaTerpan e mo3uar karo Jledber-CruiirjecoB mHTErpaJI.

Teopema 1.3. Hexa & e cayuajna npomenausa 0euHupara na npocmopom na 8epo-
jamwocm (2, F, P) u nexa f: R — R e Bopeaosa pynruuja.

(a) Axo & e Quckpemma cay“ajia NPoMeRAUBE CO 3aK0H Ha pacnpedesba P{E = x;} =
pi, 1 €1, wako ), |f(x;)|p; < +00, mozaw mamemamuuromo ovexysamwe na f(§)
nocmou Kaxo KoneuweH 6poj u ce npecmemysa cnopeo

w@zzymm.

(6) Axo & e ancoaymmo HENPeKUHAMA CAYHATHA TPOMENAUBA CO 2YCMUNKA HA DACTLD e-
denba pe, u axo [; | f(x)|pe(x)dr < 400, moeaw mamemamuukomo ouekysame Ha
f(&) nocmou kaxo xoneuen 6poj u ce npecmemyea cnopeo

Eﬂ@zéﬂ@m@m;

[Tpu cnenujanau n3zbopu Ha Gysrnujara f Bo Teopema 1.3 mobuBame:

e Axo f(x) =z mmame mexa E{ =) x;p; 38 IUCKPeTHA CJIydajHA IPOMEHINBA,
u B¢ = [, xpe(r)dr 3a ancomyTHO HENPEKMHATA CIIydYajHa MPOMEHIIHBA.

e 3a f(x) = 2* ce nobusa k-TmoT MoMenT Ha &, omHocHO EEF.

e Axo E¢ nmoctou u e komeuno, Toram F(§ — EE)* e k-Tuot menTpases MoMeHT
Ha &.

Npena CrojroBcka



1. Enementu on Teopuja Ha BEPOjATHOCT 7

e Bropuotr nenrpasen MOMeHT Ha £ ce HApEKyBa mucuep3uja (1iu BapujaHca),
u ce o3HauyBa co DE = F (¢ — Ef)?. KBaapaTHUOT KOpEH OJ JUCTep3ujaTa ce
HapeKyBa CTaHIApHA MIeBUjalMja, U ce O03HaA4YyBa co g = /DE.

Teopema 1.4 (OcHOBeH 00K HA HepaBeHCTBOTO HA Uebumes). Heka & e nenee-
AMUBHA CAYATHA NPOMEHAUBE DePuHUPara Ha npocmopom wa sepojammnocm (S, F, P).
Tozaw, 3a cexoj nozumueen peanen 6poje > 0,

P{¢>¢} < Ef). (1.1)

Teopema 1.5 (HepaBencrso Ha Uebumes). Hexa { e caywajna npomenauea dedunu-
pana Ha npocmopom Ha gepojamuocm (2, F, P) co mamemamuuro ovexysame EE <
+00 u ducnepsuja var(E), u Hexka € > 0 e nosumueen peasen 6poj. Toeaw,

D¢

P{I¢ — E¢| 2 e} < —5. (1.2)

CsojcrBo 1.1. Hexa § u 1 ce cayuajnu npomenaust, 0eGuHupary, Ha npocmopom Ha
sepojamnocm (Q, F, P), E§ u Ep nocmojam, u nexa ¢ e peasen 6poj. Tozaw eancam
caednume mepoemwa:

(a) B(cg) = cEE,
(6) axo £(w) < p(w) sa cexoj w € Q, mozaw, EE < Ep,
() |E¢| < EIE],
(2) E(§+p) = E¢+ Ep,
(0) axo & u p ce nesasucnu, mozaw, FE(ép) = BEE,
(2) DE = E(&) — (E€)*,
(e) DE>0,
(mc) D(c) =0 u D(c§) = DE,
(3) aro D(€) =0, mozaw, P{€ = c} =1,

(n) axo & u i ce nezasucwu, mozaw D(E + p) = DE + Dy

* * *

Heka £ u p ce caydyajHu mpOMEHIMBU Ae(UHUPAHU HA TPOCTOPOT HA BEpPOjaT-
noct (Q,F,P) co 0 < D€ < 4oom 0< Dy < +oo.

Npena CrojroBcka



8 1. Enementu on Teopuja Ha BEPOjATHOCT

e KoBapujauca sa £ u i1 e 6pojoT mepuHUPAH CO
cov(§, p) = E(§ — E§)(n— Ep) = E(§n) — ESEp.

e 3a ciuyuajuure npomensuBu  u p Basku D(€ + p) = DE £ 2cov(€, p) + Dy

KoedumuenT Ha Kopesanuja Ha & U 4 € OpPOjoT medpUHUPAH CO

cov(§, 1)

\/var(ﬁ)\/var(u).

Ako € u p ce mezaBucuu, Toram cov(&, pu) =0 u p(&, ) = 0.

p(&, 1) =

3a KOe(pUIUEHTOT Ha Kopejamuja Baky HepaseHcTBoTO |p(&, 1) < 1.

* % *
Heka (2, F, P) e upocrop Ha BepojarHoct, u & : {2 — R e cayuajna npomennusa

neprHUpaHa Ha HETO.

e IIpomupena ciryuajua npomenausa e pyurnujata i : 2 — RU{oco} 3a koja
p1(B) € F 3a cute Bopesnosu mHO%ecTBa B € B.

e Y CJI0BHO MaTeMaTUUKO ouekyBame F({|F)) Ha £ BO OQHOC Ha o-TI0 qairebpara
F1 C F Moxe ma ce mepuHUpa ako eneH onx opoesute EET m FE™ e KoHeueH
(kame €T = max{¢,0} > 0 u & = max{—¢,0} > 0 ce HO3UTUBHUOT U Her-
aTUBHUOT men Ha & coomserHo), um Toram FE(&|F)) e mpomwupena ciydajHa
IPOMEHJINBA TAKBA 14

(i) E(¢|F1) e Fi-mepausa, u
(i) 3a ceroj A € Fy

/Aﬁdpz/AE(ﬂfl)dP a.s.,

kaze ako K¢ mocrom, Toram no neduaunumja [, EdP = Jo E14dP.

e Hera & u & ce caydajau npoMeHauBr. Y CJIOBHO MATEMAaTUUYKO OUEKYBAH€
E(&]&) Ba & nmpm yciaoB & ce mepuHupa Kako

E(&|6) Y B(&)o(&)),

kazne o(§2) e o-anrebpa reHepupana oz & T.e. HajMasara o-ajarebpa kKoja
U cOOpskM cure MHOkecTBa {w : &(w) < z} 3a cure x € R.

Npena CrojroBcka



1. Enementu on Teopuja Ha BEPOjATHOCT 9

e Hera A € F; C F e macran. ¥ cmoBHa BepojarHoct P(A|F) Ha A BO omuoC
Ha J) ce meduHUpaA KaAKO

P(AIF) Y E(1LF).

CeojctBo 1.2. Hexka (2, F, P) e npocmop wa eepojamnocm, Fy C F e o-nodaneebpa 00
o-anzebpama F u nexa & U (L ce cayuajHu npomenasuey maksu da EE uw Eup nocmojam.
Tozaw eaxncam caedHume mepoema:

(a) axo C e wonemanwma v & = C a.s., moeaw E(&|F) = C a.s.,
(6) axo & < u a.s., mozaw E(E|F;) < E(ulF) a.s.,

(e) |EE|IF)| < E([€]|F1) as.,

(2) 3a cume a,b € R, E(a& + bu|Fy) = aE(§|F1) + bE(u|F1) a.s.,
(0) nexa Fo = {0,9Q}, mozaw E(¢|Fy) = E€ a.s.,

(2) E(§|F) =¢ a.s.,

(e) E(E(¢F)) = EE,

(mc) axo Fi u Fo ce og-nodaneebpu 00 o-anszebpama F maxeu wmo Fo C F; C F,
mozaw E(E(§|F1)|F2) = E(§|F) a.s.,

(3) axo p e Fi-mepausa, E|| < 400 u E|u| < +oo, moeaw E({u|F) = nE(&|F1)
a.s.

* * *

Hera ¢ e cuyuajoa nmpoMeHamBa ITepUHMpPaHaA HA IPOCTOPOT HA BEPOjATHOCT
(Q,F,P) co pynrnuja Ha pacupenenda Fg.

e Kapakrepucrtmuna ¢pyHKImMja Ha ciydajHaTa IpoMeHauBa ¢ e QyHKOmjarta
e : R — C nepurmpana co
+oo

oelt) = () = / et AR (z).

[e.e]

OcHoBHE CcBOjCTBA:

(a) Ige®)] < wel0) = 1.
(6) Pacrn(t) = pe(at)e™

() Beh = %2 )(0 ak=01,..n
(r)

r) Ako &, ..., £n Ce He3aBUCHU CJIyJajHU MPOMEHINBY, TOTAII Q¢ +e,+ +e, (1) =
23] (t) Yo (t)"'gpﬁn (t),

, 3a a,b = const,

Npena CrojroBcka



10 1. Enementu on Teopuja Ha BEPOjATHOCT

1.2 Hexou moBaskHU pacipenesion Ha BepPOjaTHOCT

1.2.1 JIuckpeTrHmM pacrupeneyion

1. Bunomua pacupenenta X ~ B(n,p), n €N, 0 <p <1

pk:P{X:k}:(n

k)pk(l —p)"* k=0,1,...,n

EX =np, DX =np(1 —p), ox(t) = (1 —p + pe)

3a n = 1, pacupenenbara B(1,p) ce napekysa BepHynueBa pacupemnesnbda,
noJeka cirydajHara npomennusa Y ~ B(1,p) ce HapekyBa MHOUKATOP HA HAC-
Ta"HoT A uuja BepojaTHOCT 3a ycuex e p T.e. Baxku P(A) = p, u ce o3HauyBa
co Y =1,4. Toram,

P{I4=0}=1-P(A)=1—p, P{I4=1} = P(A) =p.

030-
o.zsé
0.20?
0.15§

0.10-

1 2 3 4 5 6 7

Crura 1.1: Bunomua pacupenenta B(7;0, 3)

3a p = 0,5 Bunomuara pacnpenenba e cumepruyHa, 3a p < 0,5 Taa e mo-
sutrBHO acuMerpruna (Coauka 1.1), a 3a p > 0,5 Taa € HEraTWBHO acUMeT-
pudYHA.

2. IMoaconoBa pacupenenta X ~ P(a), a > 0

k
pe=P{X =k} = %e-a, k=012, ..

EX =a, DX =a, px(t) = e~ D

Npena CrojroBcka



1. Enementu on Teopuja Ha BEPOjATHOCT 11

CsojctBo 1.3. Bpcrxama mezy Ioaconosa u bBunomna pacnpedenba e caednama

k
lim (Z)pk(l —p)" k= %6_“.

n—00, Np—a

0.15- S
0.10-
0.05-

Y¥T TT¥XYwWNW,¢~W~W¢W-WW*

MERARARAARARAAARXNRARXNAXR

5 10 15 20 25 30

Cmura 1.2: Bunomua pacnpenenta B(30;0,2) (kpyrunma) u [loaconoBa pacupe-
nenba P(6) (kpcrumma)

[IperxomHOTO CBOjCTBO MOKa:KyBa AEKa 3a TOJEMU BPEAHOCTU HA N U MaJU
BpenHOCTU Ha p, buHOMHaTa pacupenenda ce ampokcumupa co [loacomoa
pacupenenba (Cnura 1.2).

0.20¢
015+
010+

0.05-

HHHHMH.......‘

5 10 15 20 25

Cmura 1.3: I'eomerpucka pacnpenenba Geo(0,2)
3. T'eomerpucka pacupenesioa X ~ Geo(p), 0 <p <1

pe=P{X=k}=p(1-p)* k=0,1,2,...

EX =2 DX =Lp ox(t) = %

1—p)e’t

Npena CrojroBcka
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1.2.2 HenpexunaTtu pacrpenejiou

1. Pamuomepna pacupenenta X ~ U(a,b), a <b

1

b—,a<x<b
—a

px(z) =

. b—a 2 eitbieitu‘
EXZ%bv DX:(12) ’QOX(t):”(b—_“)

0.6

05F

0.4F
03
02f

01f

-1 1 2 3 4

Caura 1.4: Pamaomepna pacupenenta U(1,3)

2. Hopmausma (T'aycosa) pacnpenesn6a X ~ N (u,0?)

1 (@=)?
pX(x):\/%'O' c e 2”% , v €R

EX =p, DX =02, ox(t) = ¢tz

3a p =0 u o = 1 mopmamnara pacupeneaba N (0,1) ce mapekysBa cran-
IapaHa HOpMaJiHa pacipenesitoa nix HOpMaJiHa HOpMUPaHa pacipeneada
(Cnura 1.5(a)).

CrojctBo 1.4. Axo cayuajrnama npomenavea X uma N (i, %) pacnpedesba, mo-
20U CAYHAJHAMA NPOMEHAUBE Y = % uma N(0,1) pacnpedeaba.

CrojctBo 1.5. 3a cayuajnama npomenauea X ~ N(u,0?) eaxncu mpaBumaoTo
HA TPU CUTMU, 00HOCHO

P{u—30< X < pu+30} =0,9973 = 99, 7%.

Npena CrojroBcka
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05-

(6)

Cmmra 1.5: (a) Hopmaana (Faycosa) pacnpementa N'(1,0.5%) (upsena mosna -
muja) u N(0,1) (cuma mcnpekunara auamja), (6) IIpaBuno HA TpU CUTMU UITYC-
rpupano 3a N(0,1) pacnpenenba (0GOEHMOT CUH HeJ ONPENENEeH CO MHTEPBAJOT
[—3,3] € 99, 7% om nimomTuHATA MOK KPUBATA)

Nurepuperanuja va nocaeaaoro CBojcTBo 1.5 € TaKBO [a MpuU HOPMAaJIHA Pac-
npenenba N (i, 0%) co uarepsanot [y — 30, u+30] e ondaTeno cKOPo METOKyTI-
HOTO BepojaTHOCHO omreperyBame (99,7%), Caura 1.5(6).

CsojctBo 1.6. Axo X; ~ N (i, 02), i = 1,2,...,n ce HE3a8UCHU CAYHAIHU NPO-

mernaueu, mozaw Y = ay Xy + ... + a, X, ~ N(u,0%) xade p = ajpy + ... + apfin v

2 22 2 52
0% =ajoy{ + ... +a;o;.

. T'ama pacopenenda X ~ I'(«, ), a >0, >0

xa—l

Pele) = o)

e

™8

7'2:207

kane ['(a) = f0+oo 2% le™%dr, a > 0 e Tama pyHKOMja co CBOjCTBA

1) Va >0, MNa+1) = a-I'(«a)
2) VneN, I'(n+1)=n! T'(n+ %) _ (2n2—nl)!!\/ﬁ
3) Ya € (0,1), D(a) - T'(1—a) = ==&

sin am

EX =af, DX = af?, px(t) = (1 —itp)™°

CrojcrBo 1.7. Axo X;, 1 =1,2,...,n ce He3a8UCHU CAYUAIHU NPOMEHAUBY MAK
wmo X; ~ (o, B), i = 1,2,...,n, moeaw Y = X; + ... + X,, ~ I'(a, 5) xaoe
a=uo1+ ...+ a,.

Npena CrojroBcka
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0351
o.3of—
o.25f—
o.zof—
o.15f—
o.1of—

0.05F

Cnura 1.6: (a) I'ama pacupenenba I'(2,5) (upsena tenka nuuumja), I'(1,5) (cuna
ucnpekunara auauja) u 1(0.2,5) (3enena nebena auanja), (6) Excnonennumjanza
pacupenenba £(1) (upBena rtenra sanauja), £(0.5) (cura mcopekuHaTa IUHAjA) U
E(3) (3enena mebena mauHUja)

4. Excnonennujanua pacupenenta X ~ £(5), f> 0

1 z
pX(x):Ee E,CUZO

Ila 3abeneskuMe neka eKCIOHEHIMjaJgHATa pacupenenda £([) ce mobuBa on
Ilama pacupenenbara I'(a, f) 3a a =1 1.e. I'(1,8) = E(B), B> 0.

5. Xu-kBanpar pacupeaenta X ~ y2, n € N

250(2)

EX =n, DX =2n, px(t) = (1 — 2it)™"/?

Ila 3abeneskuMe neKa XU-KBaApaT pachnpenenabara y2 ce mobusa on Lama
pacupenentara I'(a,f) 3a a =2 u =2 1e. I'(4,2) =2, neN.

CrojcrBo 1.8. Axo X ~ N(0,1), mozaw Y = X? ~ x2.

CsojctBo 1.9. Axo X;, i = 1,2,....,n ce nezasuchu u eOHaAKB80 PACNPEOCNENHU
cayuajnu npomenausu co N'(0,1) pacnpedeabu, moeaw Y = X2 + ...+ X2 ~ x2.

Npena CrojroBcka
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o20f |
015
010}

00sf

— T ——

15 20

Cauka 1.7: Xu-wBampat pacupenen6a x>, 3a n = 1 (upBeHa TeHka JuHM]a), 34
n = 2 (cuHa ucnpekuHATA JUHUjA), 3a 1 = 5 (3eneHa nebesa auHUja) 1 3a n =7
(BuoJsieTOBa TOUKACTA JIMHU]A)

3abenemka 1.1. Bpojor n BO xu-KBaapaT paclpenenbaTa Y2 ce HapeKyBa
Opoj Ha cremeHu Ha caoboma. Co apyrm 360poBm, OPOjOT Ha CTeneHU
Ha cJyo0oda ro O3HAUYyBa OPOjOT HA JMHEAPHO HE3aBUCHU CJIydajHU IPO-
MEHJIMBU Mery ciaydajuure npomenuBu Xi, Xo, ..., X, BO U3pa3oT 3a CIydaj-
nata npomennusa Y = X7 + ..+ X2. Taka ma mpumep, ako Mery ciyuaj-
HuTe npomenauBu Xi, Xo,..., X, IOCTOU enHA JUHeApHa BPCKa, Ha IPUMEpP
X1+ Xo+...+ X, =0, Troram 6pojoT Ha cTeneHu Ha ciobOAA Ce HaMaJyBa 3a
emen, T.e Y = X7+ ...+ X2~ 2 .

6. CrynenroBa pacupenesioa X ~t,, n € N

_ntl

(1+5)"
B(5: 5V

kane B(a, ) = fol 7 Y1 —2)%tdr, a >0, B3>0 e Bera ¢oynkmuja. [Tozmara
e ciennara Bpcka nomery Bera m ['ama ¢ynrmujara

px(z) = T € R,

Va, 3> 0, B(a, ) = %

EX=03an>1, DX =5 3an>2

W oBme, 6pojor n BO crymeHTtoBaTa t, pacupenesnba ce HapekyBa Opoj Ha
creneHu Ha ciyioboma. /[la 3abenexkuMme meka 3a n = 1 ce mobuBa Komuesa
pacupenenba, OMHOCHO I'YCTHUHA HA pacupenenda px (r) = m Ionera nmak
BO mpakca 3a n > 30, crymeHTOBaTa pacupenenada MoKe da ce ampoKCUMUPA
CO CTaHmapAHA HOPpMaJHA pacupenenba, UMeHO BaKU px () — \/LQTT e~**/2 kora
n — oo (Cuuka 1.8(6)).

Npena CrojroBcka
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Csojcto 1.10. Axo X ~ N(0,1) u Y ~ X2 ce mesasuchu cay4ajnu npomen-
AUBYU, MO20UW L = % ~ty.

Cauka 1.8: (a) CrymenroBa pacupenpenba t,, 3a n = 1 (upBeHa TeHKa JIUHU]jA),
3a n = 3 (cuHa ucnperuHarta auHUja) U 3a n = 36 (3emena neGesa awunuja), (6)
Crammapmaa mopMmasnna pacnpenenba N (0,1?) (upBena Tenka JuHUja) U CTYIEH-
ToBa Tacupenenba t, 3a n = 36 (CuHA MCIpEKUHATA JIMHU]A)

7. ®umepoBa pacupenenda X ~ I, ,,, N, ne € N

n2n ng—
EX =25 3any > 2, DX:%384712>4

CsojcrBo 1.11. Axo X; ~ szu u Xo ~ X%Z ce He3a8UCHU CAYYATHU NP OMEHAUBY,

— Xi/m
mozaw Y = oy ™ Foim,-

8. Bera pacupenenba X ~ Bet(w,3), a >0, >0

a—1 o B—1
z* 11 —x) 0<ae<1
B(a, B)

px(z) =

S - o
EX = at+p? DX = (a+B+1)(a+B)?

Ila 3abenesxknmMe meka pamMHOMepHaTa pacunpenenbara U(0,1) ce mobusa ox
Bera pacupenenbara Bet(a, ) 3a a = =1 1.e. Bet(1,1) =U(0,1).

Npena CrojroBcka
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20- |

10 ;,—L (1

05H v

Tl i S S |
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5 6 -1.0 -05 0.5 10 15 20

Cnura 1.9: (a) Pumeposa pacunpenenba F,, ,,, 32 n; = ny = 3 (UpBeHa TeHKA
auHUja), 3a n; = 3, ng = 22 (CuUHA WCIPEKWHATA JUHUja), 3a Ny = 22, ng = 3
(3enena mebesa snuHUja) U 3a Ny = Ny = 22 (BuoseToBa TOYkKacTa JuHUjA), (0)
Bera pacupenenba Bet(1,1) (upBena tenka nunuja), Bet(2,3) (cuHa ncnpexknHaTa
auauja), Bet(2,0.5) (3enena nebena auuuja) n Bet(0.2,0.5) (BuoseToBa TOUYKACTA

JIVHUjA)

CaojctBo 1.12. Ako X1 ~ E(P1) u Xo ~ E(Pa) ce nezasucru cayuajnu npomen-

aueu, mozaw Y = g—<= ~ Bet(f1, fa).

CsojctBo 1.13. Axo X ~ F,,, »,, mozaw Y = % ~ Bet(%-, %2).

1.3 Hwu3u o ciayuyajHu IIpOMEHJINBU

Hera &1,&,... e HU3a On caydYajHUM ITPOMEHJIUBU Ae(@UHUPAHU HA IIPOCTOPOT HA
Bepojatunoct (2, F, P). Heka £ e cayuajna nmpoMenauBa nepuUHUpAHA HA UCTUOT

IIPOCTOP HA BEPOjaTHOCT.

e Ako 3a cekoj w € Q, &, (w) — &(w), Kora n — 00, TOraIl BeJUME IEKA
HU3aTa Ol CIy4YajHu NPOMEHJUBU {{,} KOHBEPrupa MO TOYUKMU KOH CJydaj-

HaTa IpOMeHauBa &.

e Huzara on cayuajuu npomennusy {{,} KOHBeEprupa CKOpPO CUTYPHO WU
KOHBEPTrYpPa CO BEPOJjaTHOCT €IeH KOH CIydajHaTa IPOMEHJMBA & aKO

Plw: im &,(w) = §(w)} = 1.

Ozmaxm: &, 23 & wm &, — € a.s. wm &, — & w.p.l.

Npena CrojroBcka
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e Huszara on cayuajuu npomennusu {,} KOHBeprupa mo BepOjaTHOCT KOH
caydJajHATa MPOMeHJImBa  aKo

Ve >0, li_>m P{w : &, (w) — {(w)| > e} = 0.

Ogsmaku: &, £ ¢ unm &, — £ in prob.

e Husara on ciayuajuu npomennusu {,} KOHBeprupa cpeqHo KBAAPATHO KOH
caydJajHATa MpoMeHJuBa & aKo

lim E|&, — €2 = 0.
n—oo

M§ .

Osmaku: &, = £ unu &, — ¢ in m.s.
e Huszara on cayuajuu npomennusu {¢,} KOHBeprupa mo pacmpeneida KOH
ciaydajHaTa IpoMeHaMBa £ ako 3a (QyHKIUUTE Ha pacupenenda F, Ha §, u

¢yHEIUjaTa HA pacupenenda F' ma & Bakm

lim F,(x) = F(x), Vx € C,

n—oo
rage C' C R e MHOKECTBOTO O TOUKM Ha HEIIPEKMHATOCT Ha F.

Osumaku: &, 4y & wm &, — £ in dist. um &, = £.

Teopema 1.6. Hexa {,} e nuza 00 nezasucnu cayuwajru npomenausu. Tozaw,

&n — 0 a.s. & Ve > O,ZP{K}J > e} < +oo.

n=1

CsojctBo 1.14. Hexka (2, F, P) e npocmop wa eepojamnocm u weka &, &y, &a, ... 1 2 = R
ce CaAyuajhu npomenausu. Tozaw eaxncam caedHume mepoema:

(a) axo &, — & a.s., moeaw &, — & in prob.,
(6) axo &, — £ in m.s., mozaw &, — & in prob.,
(8) axo &, — & in prob., mozaw &, — & in dist.

Npena CrojroBcka
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1.4 TI'paHmyHU TeopeMu

Teopema 1.7 (Ciab 3akon Ha rosemwmre OpoeBm). Heka {{,} e nuza 00 nesas-
UCHY CAYHAIHU NPOMEHAUBY dedurupany Ha npocmopom na eepojamuocm (S, F, P)

co E&, =m < 400 uwvar(&) = 02 sa cume k= 1,2, .... Tozaw,
le~_ P
— ka —m Koza n — 0. (1.3)
n
k=1

Teopema 1.8 (Cuiten 3axkoH Ha rosiemure O0poeBu). Heka {{,} e nusza 00 nesas-
UCHU CAYUATHY NPOoMeNnAuBY Dedurupany na npocmopom wa sepojammnocm (2, F, P) co
E& =0 u BEY < c sa cume k=1,2,... uc e nexoja nosumusna xoncmarnma. Tozaw,

I, as
EZ&%’O Koea n — 0O. (1.4)
k=1

[Tonekoram CUIHMOT 3aKOH HA roJeMuTe OPOEBU € MO3HAT KaKO caMO 3aKOH Ha
roJieMuTe OpoOeBH!.

Teopema 1.9 (Ilenrpanna rpanmuna Tteopema). Hexa {&,} e nuza 00 nesasucHu
U eOHAKBO PACTPEOCAEHU CAYUATHY NPOMEHAUBY, 0CPUHUDAHY HA TPOCTNOPOM HG 8€EPO-
jamnocm (0, F, P) co E&, = m < 400 wvar(&) =0 >0 3a cume k= 1,2, ... Toeaw,
3a npoussosen v € R

n . 1 r w2

WMo 3Ha%U 0eKa

Lkt S — s N(0,1) xoea n — oo. (1.6)
o\v/n

Npena CrojroBcka
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JleCKpUNITUBHA CTATHUCTUKA

2.1 Ilomarommu. BmmoBmu Ha momaTomu

CocTaBeH mea Ha CeKoe MCTpaskyBame € cobmpame M aHaJIu3a Ha IIOZATOIM IIO-
BP3aHMU CO OAPENCHM II0jaBU KOU Ce IpeIMeT Ha MCTa:KyBameTo. Taka Ha mpumep,
IpY UCIUTYBaHme Ha ONTEPETEHOCT Ha PACKPCHUIMTE O BO3WJa, ce cobupaar Io-
JaTOy 3a OpOjOT Ha BO3WJA KOM IIOMUHYBAAT 34 €AWHUIA BpEMe BO DPA3JIMYHU
BPEMEHCKM IIPeCeny BO TEKOT Ha eneH meH. CobOMpameTo Ha MOJATOIMUTE MOKE Ia
ce CpoBene Mpeky HabJdbyoyBame (Mepeme Ha KapaKTePUCTUKUTE 6e3 ma ce BJIu-
jae Ha yCJIOBHATE) WM €KCIIEPUMEHTHPam-€ (CBECHO MOCTaByBame Ha OAPEICHU
yCJIOBU 3a na HabJLyIyBa PEKIUjaTa HA COOIBETHUOT YCJIOB).

Kora nonatonute ce cobpanmu on HabbY LyBamka, OJHOCHO eKCIEPUMEHTH Ha, KOU
UM IenyBaaT ciaydajEu GarTopu (IPOTOKOT HA BO3WUJA € CIYyYaeH, He € OIHATIPEe]
ONpENeH) TO3HATU CE€ TOJ MMETO CTATUCTUYKUA MONATOIM. llpu Toa, MepeHuTe
KapaKTePUCTUKMU 3a M0jaBUTE I'M HapeKyBame obeseskja (O6poj Ha BO3uia 3a enu-
HUIIA BpEMe KOU ja MOMUHYBAAT PACKPCHUIIATA).

BugoT Ha momaTromuTe € TECHO CBp3aH CO BUAOT Ha ObeJseskjaTa KOM Ce Mepart.
Ako 061e%E]jeTo T pacnopenyBa BO IPYIM WJIM KATETOPUU U3MEPEHUTE BPEeIHOCTU
(IoJI, HAIMOHAJHOCT, BEPCKA ONPENEJEHOCT), TOTAINl TaKa NOOUEHUTE IIOJATOIN
Cce HApEeKyBaaT KaTeropucKu (KBAJMTATUBHU) momaromu. JIOKOJKY W3MepeH-
UTe BPEIHOCTU Ce HyMEPUYKU, MOMATONUTE Ce HAPDEKYyBAAT KBAHTUTATUBHU (HY-
Mepuuky) nmomaromu. CoOoABETHUTE KBAHTUTATUBHU O0eJekja MO:Ke Ia Cce O
OUCKPEeTEeH THUI (aKO MHOKECTBOTO BPEIHOCTU € KOHEUYHO MJM NpPeOGpPOMBO) U 01
HEIIPEeKWHAT TUI (aKO NprMa OWIIO KOja BPEIHOCT Ol HEKOj MHTEPBAJI).

CrarucTUKaTa € HayKa KOja IPOy4dyBa HAYUYHM METOIU 34 COOMpame, cpe-
MyBame, MPUKAKYyBambe U aHAJIN3a Ha TMOAATONUTE (IeCKPUINTUBHA CTATUCTUKA),
KaKO U M3BJIEKYBAH€ HA 3aKJIyYONM U NOHECYBAH€ HA COOABETHU pemeHuja (ma-
TEeMaTUUKA CTATUCTUKA ).
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2. IlecKpUNTUBHA CTATUCTUKA

2.2 IlpuraskyBame HA IIOIATOINTE

1) Tabena Ha yecToTH

[Ipu mabmynyBamara MiIn €KCIEPUMEHTUTAHATA BHUMAHUETO CE€ HACOUYBA
Ha €IHA WV MOBeKe BeanurHU (KapakTepucTuku). AKO ce pasriegyBa caMo
eIHA BEJMUYMHA, W aKO MCTATA ja O3HAUYMMe cO X, TOTAIl Pe3yJITaTOT O
eIHO Mepeme Ha ucrara e peaJieH 6poj x (mOKOJNKY craHyBa 300D 3a Hy-
MepUYKO obesnexkje) nan kareropuja r (ako pasriemyBamMe KaTETOPUCKO 00e-
nesxje). AKo ce cmpoBemaT n Mepema, ce nqoOuBa KOHEUHA HU3a Ol BPe.-
HOCTU (HYMEPUUKU, OJHOCHO KATEKATUPUCKU) L1, L3, ..., T, KOU CE HAPEKYBAAT
CTATUTUYKM IMOJATOIM KOU OArOBapaaT Ha PA3TJIEAYyBAHOTO CTATUCTUUKO
obesnexje X.

[Tomaramy, craTUCTUUKATE TOOATONU L1, L9, ..., Ly 3APAAA TPETIIEAHOCT CE 3a-
MUITYyBaaT BO TabeJsia HA YECTOTH Ha CJIeIHMOT HauwH. Heka r e 6pojor Ha
Pa3JIUYHU BpeTHOCTU Ha obesexjeTo X OondaTeHu CO MOAATOUUTE X1, Lo, ..., Tp.
Heka twe BpemmocTtu ru o3HavymMme cO ai,ds,...,d.. JIOKOJKYy ce obeisexjeTo
X e HyMepuyKO OBUE BPEIHOCTU C€ MOJAPENAyBaaT MO TOJEeMUHA, OITHOCHO
a < ay < ... < a,. Co f; ja o3mauyBame uecTOoTaTa HA BPEAHOCTA «;,
1 = 1,2,...,r, OpOj KOj MOKa)KyBa KOJIKY TIaTU Ce€ CpeKkaBa BPETHOCTA a; BO
MOMATONUTE L1, T2, ..., Tp. 1OTAII, BKYTHUOT 30UP HA YECTOTUTE Ma € €IHAKOB
Ha BKYIHUOT OpPOj M3BEIEHU Mepema, OTHOCHO BasKU

h+fot+..+fr=n

Ilorosky Tabesnara HA YECTOTU C€ JOMOJHU CO COOABETHUTE KOJIUYHUIM f;/n,
t = 1,2,...,n HapeuyeHN PpeJIATUBHUM UYECTOTM ce NoOuBa Tabeyia Ha peJi-
aTmBHM uecToTH. UYecra O3HaAKA 3a peJATUBHUTE 4YecTOTU € p; = f;i/n,
1=1,2,...,n, 1 IpU TOa BayKu

0<p;<1,:=12,...,rupi+ps+..+p.-=1.

’ Bpennoct ma oGenexjero X ‘ aq ‘ sy ‘ ‘ a, ‘
Yectora | f1 | fo | -+ | [r
Penarusna wecrora | p; [ p2 | -+ | Dr

Tabena 2.1: Tabena HA YeCTOTU U PETATUBHU YECTOTHU

2) Kareropucko obesekje - crondecTu rpaduny, TATU

ObGenexkejaTa KOU Ce€ KATETOPUCKM HAJUECTO MPUMAAT OIMUCHU BPETHOCTHU -
MUIba Ha KaTEerOpUuunuTe.

Npena CrojroBcka
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IIpumep 2.1. Taka Ha mpumep, HOKOJKY obenexxero X e 0oja Ha Kocarta,
TOTAIIl TOA MOMKEe Na I'M IpUMU BpenHocture: ~npHa’, "kadeasa”’, "miaasa’
u "mnpBena”’. Bo caemmara Tabema 2.2 namenu ce pesyiaTaTUTe OI UCTPAKY-
BameTO HampaBeHO Ha 150 mcnuTaHmm 3a ompenyBame Ha 3aCTAllEHOCTA Ha
OojaTa Ha KOcaTa.

| Boja ma rocara | IpHAa | KagpeaBa | niaaBa | IpBEHAa |

YecToTa 46 62 34 8
Penarusua uvecrora | 0,3067 0,4133 0,2267 | 0,0533
% | 30,67% | 41,33% | 22,67% | 5,33%

Tabena 2.2: 3acranmenoct Ha 60jaTa Ha KOCaTa

CoonBeren rpa¢uuky Ipuka3 Ha TabeluTe Ha YECTOTA 32 KATETOPUCKUTE
CTATUCTUYKYA MOJNATONU € cO croyibecty rpadwum (bar chart) m muarm (pie
chart). Co cronbectuor rpaduk (Cnura 2.1a)) ce npasu 6p3a cunopenba Ha
YeCTOTUTE HA Pa3IMUHUTE Kareropuu, noieka rpaduror mura (Cavka 2.16))
OBO3MOKYBa MOJIECHO COTVIEAyBame Ha TOa KOJKAB IeJ O] LeJuHATa 3adaka
CeKoja OI KaTErOPUUTE.

crna kafeava plava crvena

(a) (6)

Cnura 2.1: (a) Cronbecr rpagur 3a 3acrameHocta Ha 6o0jara Ha Kocara, (0)
I'pa¢ur mura 3a 3acrameHocra Ha 0ojaTa Ha KocaTa

CronbecTtrTe rpaduy 1 TUTUTE OBO3MOKYBaaT OP30 coremnyBame Ha pacipe-
nesnbaTa Ha MONATOIWTE, HO TUE Ce€ CO OrPaHuYeHa ymoTpeba BO aHaJm3aTa
Ha momaTomuTe. ['padunure 3a HyMEPUYKUTE IONATONU CE IONOIONHU 3a
pa3bupame Ha pacupenesbaTa U aHAJU3a HA UCTATA.

Npena CrojroBcka
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2. IlecKpUNTUBHA CTATUCTUKA

3) Hymepuuko mucKpeTHO obejieskje - MOJINIOH HA YEeCTOTU, QYHKIUja Ha

KyMYJIaTUBHU 4Y€CTOTH

CoomBeTH rpaduukyd NPUKA3U 3a PACOPEneJOuTe HA HYMEPUYKUTE II0aa-
TOII KOU OATrOBApaaT Ha MUCKTEPHUTE HyMEPUYKU ODejekja ce IMOJUTOHUTE
Ha yectoTu. llosmroHoT Ha yecTOTW NpeTCTaBYBa UCKPIIEHA JIMHMUja KOja
ru moBp3yBa Toukute (a; f;), ¢ = 1,2,...,r, HOmEeKa MMOJIMTOHOT HA peJia-
TUBHU YECTOTU € VCKDIIEHA JUHMUja KOja I'M IOBP3yBa TOUYKUATE (A, D;), © =
1,2,...,r. Osuarure a;, f; u p;, ¢ = 1,2,....,r ce BOBemeHU TPeTXOMHO. Pa-
3IMKaTa Mery OBHWEe IBa IOJHUIOHA € CaMO BO MepHATa eIVWHUIA Ha OpIu-
HaTHaTa Ocka. llommrommre Ha 4YeCcTOTM BO MOTHIOJHOCT W €THO3HAYHO ja
ompenelyBaaT pacupenendara Ha MOJATOUUTE, IITO HE CIyYaj CO UCTUTE 3a
MIOJATONMTE KOUW ONArOBapaaT Ha HENPEKWHATU HYMEPUUKU obeserkja, KaKo
mTO Ke Oume o0jacHETO MOIOIHA.

Ilpyr rpa¢uukm npumkas Ha pacnpenendara Ha MOTATOIUTE € CO I'PAPUKOT
Ha (yHKOUjaTa HA KymyJgaTuBHUTE yecTtoTu K, : R — R nepumuupana co

K.(r)=> fi, z€R,

OJHOCHO CO rpaduKOT Ha (YHKIMjaTa HA KyMYJIATUBHUTE PEJIATUBHU Uec-
Totu F, : R -+ R nedpunupana co

F.(z) = ij, r € R,

a; <z
IIO3HaTa YIITEC KaKO €eMIIMPUCEKa (i)YHKI_II/Ija Ha pacnpe,u;e.n6a.

ITpumep 2.2. Ha npumep, rpaduyuku Ipukas co MOJUTOHU HA MOJATOIUATE O
Tabena 2.3, kou ce omHecyBaaT Ha OIEHKATA IO MaTeMaTHUKa Koja ja moouiie
128 yuenunu onm 5 ommeneHme O €THO YUYWUJIWIITE MTPU 3aBPITHATA IMPOBEPKA
Ha 3Haemara, e manen co Ciuka 2.2.

’ Ormenka 0 MaTeMaTURA \ 1 \ 2 \ 3 \ 4 \ 5 ‘

Yectora 5 18 28 50 27
Penarusua uvecrora | 0,0391 | 0,1406 | 0,2188 | 0,3906 | 0,2109

Tabena 2.3: Onenka Mo MareMaTUKa Ha 3aBPITHATA MPOBEPKA HA 3HACHATA

O mOAUTOHOT Ha YECTOTH Ce COrJIeayBa KOja BPEAHOCT Ha ODesiekjeTo mMma
HajrojeMa dectora (TamMy Kaje € HajBUCOKOT BPB), MOJEKa MOJUTOHOT HA
pelaTUBHU YECTOTU MOKE Ia Hale OIEHKA 38 CUMETPUUYHOCTA Ha PACIIpemesi-
OaTa Ha IIOIATOIUTE.
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60

sol 04l

03l
30k [

: 02
20F

? oaf
101 r

Crmra 2.2: (a) I[losuron Ha yecrorara Ha nomarorure ganenu co TabGena 2.3, (0)
[lonuron Ha penmaTmBHATA YECTOTa Ha MOAATOIUTE AaneHu co Tabema 2.3

I'padunure Ha (yHEOUjaTa Ha KymydatuBauTe dyectotu K, (r) m dyHKIU-
jara Ha KyMyJIaTUBHUTE pejaaTuBHU dectotu F,(xr) 3a momaromure naneHu
co Tabena 2.3 ce na Cauka 2.3.

(0 yr <1 (0 yr <1
) A <xr<?2 0,0391 A <xr<?2
23 2<x<3 B 0,1797 2<x<3
Ku(z) =9 5 3<z<4 Fu®) =19 03085 3<z<4
101 A<z<b 0, 7891 A<z<h
[ 128 , L > L1 , T >0
o———— 1.0- o—————
120 -
1000 -~ 0.85 ~—
801 0.6;
! *~——— 04- *~——
a0} .
20t e 0'2} ®

Cmura 2.3: (a) Pymrumja Ha KyMmMysnaTuBHuTe dYectotu K,(r) Ha momaromure
naneru co Tabena 2.3, (6) PyHKUMja HA KyMyJIATUBHUTE peaaTUBHU yecToTu F, ()
Ha nomaronuTe naneHu co Tabema 2.3
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4) Hymepnuko HEIIPEKMHATO 0DeJIeskKje - rPyIMpame BO NHTEPBAJIV, IIOJINTOH
M XMCTOTPaM HA YeCTOTH, PyHKIUja HA KyMYyJIATUBHU YECTOTH

[Ipu cobupame HA TOAATONN KOU OATOBaapaT HA 0DeJieskja KO IpuMaaT OUIIo
KOja BPEIHOCT OJl HEKO] MHTEPBAJ MOKE lla Ce CJIYyYU na HeMa U3MEPEHU IBe
NCTU BPpEeOHOCTU MJIM IIaK 6pOjOT Ha M3MEPEHU MCTU BPEAHOCTU Oda € MHOI'Y
MaJl BO crmopenda co BKYIHUOT OpOj Ha m3MepeHu Bpeanoctu. Bo Toj cayuaj,
mopTebHO € MOJATOIUTE Ma Ce IPYHnpaaT BO MHTEPBAJIMU 33 A CE€ COCTABU
TabesaTa Ha YEeCTOTU KOja Ke CIY/KM KAaKO OCHOBa 3a IPA(QUUKAOT MPUKA3 HA
pacnpeneabara Ha MIOIATOIATE.

I'pynupas.eTo BO MHTEpBaJI HE € €IHO3HAYHO onpeneHo. HajuecTo ce 3e-
MaaT BO NPEIBUI HAJMAIATA Ty, = Min{xy, T, ..., T,} U HAJTOIEMATA Tyay =
max{xy,Zs, ..., T} BPEAHOCT Ha HOMATOLUTE I7,T,...,T,, MOTOA UHTEPBAJIOT
[Tmin, Tmax] C€ TPOMUPYBA O JIEBO U O AECHO U TaKa MPOIIUPEHNOT UHTEPBAJ
[a,b] O [Tmin, Tmax] C€ OeaM Ha oxpeneH O6POj HA MUCjYHKTHU IOIUHTEPBAJIN.
HajuecTto momuuTepBasuTe ce co ucra monkubHa h. Bpojor r ma momuHTEp-
BaJIM Ce OApenyBa CIOPeI HEKOja Ol CJIEeTHUTE (POPMYJIU

r~+n, r~1+3,2llogn wnm r~>5logn,

nin IMakK MHTYUTUBHO C€ CO IeJ Oda W IOoCJIEe I'PDYyINMUpameTO BO MHTEPBAJIN
nobueHara pacupenenabda ma Oume mMTO € MOKHO MOOJM3Yy MO0 BUCTUHCKATA
pacnpenenba vHa momarouure. [Ipenopakure 3a n36op Ha OPOJOT T HA MTOIUH-
repBaau ce tue ga r oune 5 - 10% ox n u me moseke on 30% ox n. Ieara e
[a IO TPYNUPAKETO Ha MOJATIUTE & MOYKE l1a C€ BOOUAT BaKHUTE CBOjCTBA
Ha pa3ryenyBaHOTO CTATUCTUYKO ODeJekje.

ITo onpenyBame Ha OpPOjOT r HA MOAUMHTEPBAJU, NOLKWMHATA h HA CEKOj OI
MO IMHTEPBAJIUTE CE MPECMETYBa CIOPe
b—a

h ,
r

MOMEKa TOYKUTE a4y < a1 < a9 < ... < @, KOU I'M ONPEACIYBAAT I'PAHUNUTE HA
IOMUHTEPBAJIUTE Ce TOOMBAAT CIOPEn

ay=a, a; =ag+th, 1=1,2,...,r—1, a, = b.

TabenaTa Ha UeCTOTU KOja OAroBapa Ha IPYNUPAHUTE MOJATOIUTE BO MHTEP-
BAJIM C€ IIONOJIHYBAa Ha TOj HAYWH IITO HA MECTOTO O BPEIHOCTU HA CTATUC-
TUUKOTO Obenexje X ce maoraar moauHTepBamure (a; 1,a;], i = 1,2,..,r, a
yecToTaTa f; ce OqHECYBa Ha OPOJjOT HA BPEAHOCTU MEry HMOIATOLMUTE X1, Lo, ..., LTy,
KOU Ipumaraar BO MHTEPBAJIOT (a;_1, ¢;], & COOABETHUTE PEIATUBY YECTOTH CE
npecMeryBaat cuopen p; = f;/n (Tabena 2.4). IIlpBuoT naTEPBAT € 3aTBOPEH
MHTEPBAJ OJ ABETE CTPAaHU, T.e. [dg,d1].
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VuTepBaja Ha BpegHOCTH
Ha obenexjero X | [ap,ai1] | (a1,a9] | -+ | (ar-1,a,]
Yecrora fi fo e fr
PenaruBua uvecToTa D1 Do e Dr

Tabena 2.4: Tabena Ha YyecTOTH 3a TPYNUPAHUATE MOAATONU BO MHTEPBAJIU

3a nmorpebuTe HAa I'PagUUKOTO IPETCTABYBaH€ Ha IOJATOUUTE MOIEJIEHU BO
uHTepBasu, Tabena 2.4 ce HOMOJHYBA CO BPEAHOCTUTE HA CPEIUHUTE HA WH-

TEPBAJIUTE
. a;—1 + a;

a; = 9 , 2
Y BpEIHOCTUTE HA (YHKIMjaTa Ha KyMyJaTuBHU yectotu K, (z) u pyHKUMIjaTA
HA KyMYJIATUBHU DeJaTUBHU decTOoTU F,(Z) HA CEKO] OI mOIAMHTEpBAIUTE.

CooaBeTeH rpaduyKky IpUKa3 HA TPYIUPAHUATE MIOAATONM BO MHTEPBAJIU € CO
XVICTOTPaM Ha YECTOTUM KO] Ce€ COCTOUM O]l CJENEeHU NPaBOATOJHUIUA CO IIU-
puHa h u BucuHA f; MOCTABEHU HAL UHTEPBAIOT (a;_1,a;], i = 1,2,..,r. Iloneka
IIaK XMCTOTPaMOT HA PEJIATUBHU UYECTOTU Ce Pa3jIUKyBa CaMO BO BUCHUHATA
Ha MIPaBOArOJHUIMTE KOja M3HECYBA p;. 3a XUCTOIPAMOT HA PEJaTUBHU YecC-
TOTU BasKM NeKa 30MpOT HA MJIOMITUHATA IpaBoarojHunure e 1.

['pynupanurte nomaTtonu ce IpeTcraByBaaT I'PAQUUKA U CO HOJIMTOH HA Yec-
TOTU, OJHOCHO MOJINTOH HA PEJIATUBHU UYECTOTU, TaKa IITO Ce IMOBP3yBaaT
Toukure (a;, f;), omHOCHO TOukuTe (G;,p;), @ = 1,2,..,r. OBa HOKaKyBa IEKA
IpU TPYIUPAHETO HA MOAATIIATE BO MHTEPBAJIU CUTE BPEAHOCTU OJ (-TUOT
WHTEPBaJ Ce amlpoOKCUMUpaaT CO CpeauHaTa a; Ha TOj] mHTepBaJa. Ha Toj
HaUYMH ce rybaT onpeneH Opoj Ha MHPOPMAIMY BO BPCKA CO Pa3rienyBaHaTa
ImojaBa CONpP:KaHU BO U3MEPEHUTE CTATUCTUYKN ITOAATOIU, HO ON APYyTa CTaHa
ce OBO3MOKYBa Jla Ce O IeIaT Ba;KHUTE CBOjJCTBA HA Pa3TJIe IyBaAHOTO CTATUC-
TUYKO ODeJiekje Ol HeBaKHUTE.

I'papunure Ha PyHENMjaTa HA KyMyJAaTUBHUM YECTOTHU, OJHOCHO (PyHKITVI-
jara Ha KyMYJIATMBHU PEJIATUBHU YECTOTU Ce PAa3JIMKyBaaT Ol UCTUTE Kaj
IOJATONUTE KOM OArOBapaaT Ha AUCKPETHU CTATUTUUYKU ODesieskja BO TOa
IITO OBOj IAT Ce NPUKAKYyBaaT BO BUJ Ha KPUBA CO CIOjyBame HA TOUYKUTE
(a;, Kn(a;)), omaocuo tourure (a;, Fn(a;)), 1 = 0,1,2,...,r. Haknonor na raka
nobueHara KprBa MOKasKyBa KaKO Ce HATPYIyBaaT (KyMyJIUPaaT) NALEHUTE
CTATUCTUYKY IIOAATONM IO NOLKUHATA HA annucHaTa ocka. llocTpMmeHn HaKIOH
oAroBapa Ha IOroJieMa Op3WHA Ha HATPyIyBame Ha nomarorure. JleBo on
Gy M OEeCHO O a, KPpUBATa € ImapaJjejlHa CO alliCHaTa OCKa, IITO 3HAYM IEKa
BO TOj IeJ HEMa BPEAHOCTU O NANEHUTE CTATUCTUYKU Imomaronu. [loKoaIky
Ha HEKO] OJ MOAMHTePBaJUTE KPpUBaTa € HOPMaJIHA Ha aIllucHaTa OCKa, TOa
3HAYU OeKa BO TOj MHTEPBAJ HeMa BPETHOCTU O]l CTATUCTUYKUATE II0IATOIN.
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ITpumep 2.3. I'ope cnoMenaTuTe rparuky IpUKa3u Ke I'm UIycTpUpaMe Ha
enen npuMep. [lo Mepemero Ha BucmHaTa Kaj 70 ydeHUIM BO TpeTa roauHA
BO eIHa I'MMHAa31ja MOOUEHU Ce CJEeTHUTE PEe3yJITaTU:

177.5, 165.0, 178.3, 169.0, 168.9, 165.5, 167.7, 157.2, 165.8, 179.0,
172.0, 172.9, 184.9, 175.4, 179.9, 181.3, 173.5, 187.2, 174.5, 166.8,
163.6, 183.2, 184.0, 158.0, 180.6, 172.5, 167.2, 167.4, 171.5, 186.5,
166.2, 166.3, 159.3, 181.6, 170.6, 167.6, 173.4, 161.8, 165.2, 180.7,
177.5, 161.7, 180.2, 168.5, 160.6, 181.8, 170.2, 163.8, 181.2, 193.1,
181.3, 168.4, 185.9, 151.1, 148.6, 182.8, 151.3, 174.7, 163.0, 170.0,
178.8, 158.5, 177.1, 186.9, 159.2, 181.4, 168.0, 161.5, 163.7, 164.8

3a ma ru rpynupame OBUE MOJATOINM BO MHTEPBAJIU I'O OAPEIyBaMe WHTEP-
BAJIOT HA HUBHOTO MPOCTUPame. bunejku najmamara Bpenaoct e 148.6, a Ha-
jronemata BpenHocT € 193.1 3HaunM neka BpeIHOCTUTE HA OBUE CTATUCTUYIKUA
nomaroru ce onx uarepsanor [148.6,193.1]. Brymuuor 6poj ma momaronure e
n = 70, ma npenopa4auB OpOj Ha MOIUHTEPBAJIU €

r 70 = 8,366 ~ 8,
r~143,21log70 =6,923 ~ 7
unu v = 5log 70 = 9,225 ~ 9.

Ilpyra npenopaunuBa pedepenna 3a O0pojor ma noauaTepBasu e 5-10% oxn
BKYIHUOT OpOj HA MOAATONMU. 3aTOa Ce OAjJydyBame 3a r = 7 IOJUHTEPBAJIN.
NMurepsagor [148.6,193.1] ro mpomupyBaMe u OX JIEBO U OX AECHO, U TAKA
ro mobusame mHTepBasor [148.0,193.5] yuja nomxuna e 193.5 — 148.0 = 45.5.
Toram, nomkuHATA HA CEKOj 0 T-Te momuaTepBasu e h = (193.5 —148.0)/7 =
45.5/7 = 6.5. 3Haum rpanunuTe Ha noauHTepBasure ce 148.0, 154.5, 161.0,
167.5, 174.0, 180.5, 187.0, 193.5. Caenno BpImMe paclIpeneyBarmbe Ha
IOATONUTE BO BakaIoOMeHUTe MOAUHTEPBaJIU U ja nobuBame Tabena 2.5 Ha
YEeCTOTUTE U PeaJaTUBHUTE YECTOTU HA T'PYNUPAHUTE MOTATOIU BO WHTEP-
BaJIN.

Tabena 2.5 ja momoaHyBaMe CO CpeIWHUTE HA WHTEPBAJIUTE, KYMYJIaTUBHATE
YEeCTOTU U KyMYyJaTUBHUTE pEJaTUBHU YeCTOTU. Bp3 6a3za Ha BPEIHOCTUTE
on oBaa Tabesa I'M IPTaMe XUCTOIPAMUTE HA YECTOTU U PEJATUBHU YECTOTU
(Cnuka 2.4), noauronure Ha dyectoTu u penarusHu dectotu (Cnura 2.5) u
rpapunure Ha (QYHKIUUTE HA KyMYJATUBHU YECTOTH U KyMyJIATUBHU peJia-
tuan vyectoTn (Crmka 2.6).
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Cnuka 2.4: (a) Xucrorpam Ha 4eCTOTH Ha momarounure manesu co Tabemna 2.5, (6)
XwucrorpaM Ha peJIATUBHU YECTOTU Ha momaTonurte nanenu co Tabena 2.5
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Cnura 2.5: (a) Ilonuron Ha yecroTm Ha momaronute naneHu co Tabema 2.5, (6)
Ilonmuron Ha pesaTWBHU YECTOTH Ha MomaTonuTe mamenu co Tabema 2.5

70>

e 10-
f

60 / i /
z 08-
50 - z
207 06-
R / - //
30- -
- 04-
: 1 : ¢
202 / - /
- / - /
i / 02- /
10 / N /
| 7/./\‘ | | | N / .
140 160 180 200 220

L L L
140 160 180 200 220

Cauka 2.6: (a) I'paduurku npuras Ha pyHKIMjaTa HA KyMyJaaTuBau dyectotu K, (7)
3a momarounte naneru co Tabesa 2.5, (6) I'paduukn npukas wa ¢yHKIUjaTa Ha
KyMyJIaTUBHU peiaruBHu dectoru F,(x) 3a momaronure manenu co Tabesa 2.5
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2.3

1)

Bucuna Cpemuna | Yecrora | Penarusna | Kymyan. | Kymymn. penarusua

(BO cm) Ha UHTEPB. YecToTa YecToTa Y4ecToTa
[148.0,154.5] 151.25 3 0.0428 3 0.0428
(154.5,161.0] 157.75 6 0.0857 9 0.1285
(161.0,167.5] 164.25 17 0.2429 26 0.3714
(167.5,174.0] 170.75 16 0.2286 42 0.6
(174.0,180.5] 177.25 11 0.1571 53 0.7571
(180.5,187.0] 183.75 15 0.2143 68 0.9714
(187.0,193.5] 190.25 2 0.0286 70 1

Tabena 2.5: Pacnpenenba Ha BUCHHATA HA YYECHULIUTE BO UHTEPBAJIU

[lon nETEpIPETanMja Ha rPAGUUKNTE IPUKA3U Ce T0APA30Upa ONUIILYBAHE
Ha pacupenenbara Ha TOAATOIUTE TaKa IITO ce DapaaT TJIABHUTE €JIEMEHTU
Ha pacupenendara. Hajmampen ce Gapa ma ce Hajae OUIITUOT MOAET WU
ONHEeCyBame Ha pacrupenendara, KAKO W OUUTJIETHUTE OTCTAMYyBama O OBOj
obmuk. Kaj xucrorpamure, ce Oapa MEHTAPOT W TPOCTUPAWKHETO HA TOHa-
TOIUTE, KAKO W WHIWBUAYAJHUTE BPEIHOCTU KOU CE€ HAIBOP O ONIITUOT
mognein (outlier). I'nmaBuuTe esnemenTy Ha pacupemenbara ru ondaraar Ha-
JBUCOKNTE BPBOBUM, CUMETPUYHOCTA UM MCKPUBEHOCTA HA XUCTOTPAMUTE.

Bbpojau KapakTepmCTMKM Ha pacHnpenejioara Ha
IO IATOINTE

ApurMernuka cpearHa MJIM MPOCEK HA IIOOATOIUTE

IIpu amanusa Ha pacnpenenadbarTa Ha CTATUCTUYKUTE TONATONU X1, X2, ..., Tn,
IIOKpaj rpapUUKATEe IPUKA3U CO MOJUTMHU U XMCTOTPaMU ce KOpUCTAaT 1 Opo-
JHU KapaKTEePUCTUKU 34 & CE OBO3MO:KU BaKHUTE CBOjCTBA HA pPa3rJieqyBaH-
OTO CTATUCTUYKO obesekje X ma ce m3pas3aT IMITO MOMPEIU3HO.

I'py6 mokasaTes Ha MECTOTO Ha MOMATONUTE Ha OpPOjHATA OCKA € apUTMETUY-
KaTa CpeOyHA UM IPOCEKOT Ha IOAATONUTE HaleH co Gopmynaara (2.1).

CsojcTBo 2.1. 36upom 00 cume omcmanysama Ha nodamoyume 00 HUBHAMA
APUMMEMUNKG CPEOUNA € COHAKO8 NG HYAA M.E.

n

Z(I’ —7)=0.

=1
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Hoka3s. Y . (x; —T) =Y . x; —nT = nT —nT = 0. =

CgojcrBo 2.1 ja maBa cMmciaaTa crmopen koja Tpeba apUTMETUYKATa CPe-
VHA Ha IOJATOUUTE na ce chaTy KaKo HEKOja OIpelleHa CpenuHa Ha CTaTUC-
TUYKUTE TIOIATOIN.

CrojctBo 2.2. 36upom wa keadpamume Ha cume 0mcmany8ana Ha nodamoyume
00 HUBHAMA APUMMEMUYKA CPeOUHA € NoMan 00 30upom Ha Keadpamume Ha
cume omemanysama ka nodamoyume 00 buso xoj dpyz 6poj ¢ € R m.e.

n

D (@i-7)? < Z@; — )%

i=1

Pasencmeo ce docmuenysa 3a ¢ = T.

Iloka3. Heka c € R e npousBosien 6poj. Toram, 6unejiun

%Zl(xi_jpz%leg_Qf%;%—{_EZ:%;ﬂ??—fz,

%g(l’i_@?: %gaﬁ—%%gxri—&: %gx?—%EchQ,

3a CJI€egHaTa Pa3JIMKa MMaMe

n

1 u ) 1 —\2 —2 — 2 — 2
- ;1 (x; —¢) - ;1 (x; —T) =T T+c"=(T—c) >

oM Kane CJeay TBPIAEHETO ITO Tpebdalle ma ce JoKarKe. [
AKO cTaTUCTUYKUTE IMOJATOIM Ce BeKke cpeaeHu BO Tabesa Ha 4eCTOTU (BI/I,HI/I

Tabena 2.1), Toram apuTMETHYKATA CPEAVHA Ce IpeCcMeTyBa cropen (pop-
MyJiaTa

ITokoaky ctanyBa 300D 3a OOATOIU KOU OArOBAPAAT Ha HEIPEKUHATO CTATUC-
Tuko obenexkje (mamenu co Tabesa 2.4), rpynpanu BO MHTEPBAJIU, apUTMe-
TUYKATa CPEeIVHA Ce IpecMeTyBa cuopen hopMyiaTa

T
_ 12 _
r=— fiai7
n <
=1
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2)

Kajle 4; € CpeauHa Ha MOAUHTEPBAIOT [a; 1,a;], i = 1,2,...,7.

Taka na mpumep, 3a momaronuTe naneHu co Ilpumep 2.2 ja mmame tabenara
co yectotu Tabena 2.3 ox xKame mpecMeTyBaMe IEKa

1 1
T=-Y fia;=—(5-1+18-2+28- . 4427-5) =3, .
T > fia g(51+18:24+28 345044 27-5) = 3,59375

Ilonerka mak, 3a momaronuTe maneHu co Ilpumep 2.3 ja mmame tabemara co
yectotu Tabena 2.5 ox Kame mpecMeTyBaMe IEKa

_ I,
r = ﬁizlfiai:

1
= %(3 -151.25 +6-157.75 + 17 -164.25 + 16 - 170.75 + 11 - 177.25 +

+15-183.75 + 2 - 190.25) = 171.5857.

ApurmernukaTa CpearHa WMa yJOra Ha ~TeRUIITEe  Ha pacrupenendbara Ha
momaToruTe. Kaj CUMETPpUYHUTE MM CKOPO CUMETPUUHU PACIpenesiou, Taa
ce HaoTa HA CpeQVWHATA WM MHOTY OJU3y MO CPeanHATa Ha WHTEPBAJOT HA
npocTupame Ha nomartonure. Jlomera kKaj MCKPUBEHUTE pacIpeneson Taa e
MOBEKe HAKJIOHEeTa KOH ~omamkara’. BakHO e ma ce HamoMeHe AeKa apuTrMe-
TUYKATA CPEANHA € OCETJINBA Ha OTCTAIyBamaTa O pacupenenbdbara, OTHOCHO
€KCTPEMHUTE BPETHOCTHU. 3aTO0a, KAKO MEPKa 3a INEeHTPUPAHOCT Ha IOIa-
TONUTE Ce 3eMaaT M APYTU mapaMerpu Kou Ou maje momobpa CauKa 3a IeH-
TAPOT HA IMOIATOIUTE.

Memujana u Mmoma

Ilpyr mokasaTes 3a JOKaInujaTa Ha MOJATONATE € MeaujaHaTa Koja ce 03-
HAUyBa CO M U ce AepuHUpa KaKO CpearHa Ha MOAPEeNeHaTa HU3a O CTATUC-
trukn nogaronn xy < x4y < ... <z . VMeHo Bakwn

1/, /
5 (@ + 'y ) ,38 N TapHO
x

n ,3& N HEIapHO

CsojcTBO 2.3. 3b6upom na ancoaymuume 8pedrocmu Ha cume 0Mmemanysama Ha
nodamoyume 00 MeJUjAHAMA € NOMAA 00 30UPOM HG ANCOAYMHUME 8PedHOCTU
HG cume omcmanyeana wa nodamoyume 00 buso xoj dpyz 6poj ¢ € R m.e.

n n

/ /

,x%H], 30 N Napro, 0OHOCHO 30 ¢ = M =

Pasencmeo ce docmuznysa 3a ¢ € [
i1, 30 M HENAPHO.
2
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2. IleCKpUNTUBHA CTATUCTUKA 33

Memujanara mpercraByBa TOYKA Ha OpOjHATa OCKa KOja OaneHATa HU3A O
IONATONM ja IeJu Ha ABA €NHAKBOOPOJHMW mdeiia, ONHOCHO JE€BO M IECHO O
Hea MMa eqHAKOB 00j Ha momaronu. Ha BpenmHocTa Ha MeaujaHaTa m BIUjaaT
caMO CpemHWTe IOJATONM, Taa HeEMa na Ce M3MEHU MOKOJIKY Ha IpPWMeEp Haj-
MAJMOT OJ momarorure (BO ciydaj Kora n > 3) IPOU3BOJIHO Ce€ CMAJU, UK
HAjrOJEeMUOT MOJATOK IMPOU3BOJIHO C€ 3r0JIEMU, IITO HE €Caydaj CO apuTrMe-
TUYKATA CPEIUHA.

Taka ma nmpumep, 3a nogaronure naneau Bo [Ipumep 2.2 co Tabena 2.3 numame
g / / / /
nexa n = 128. Dunejku, Tizs = Tgy = 4n Tigs y = Tg5 = 4 3aknydyBaMe IeKa

Menujanara m = (x4 + vg;) = 5(4 +4) = 4. 3a norceryBame, 3a apUTMETHY-
KaTa cpemuHa mobuBMme T = 3,59375. Pasnaukata BO BpemHOCTUTE HA APUT-
METUYKATA CPEINHA U MeArjaHaTa OOMYHO maBa OIEHKA 33 MCKPUBEHOCTA HA
pacopeneabarta.

Bo cayuaj mHa momaTrony rpynvpaHy BO MHTEPBAJMU (HYMEPUUYKO HENPEK-
nHato obenexje), Tabema 2.4, npecMeTyBameTO HA MeQUjaHATA € MAJKY II0-
pasznuuno. Hajmanmpen ce Haora MecToTO Ha MequjaHaTa cropen Gopmyara
Ny = (n—1)/2+1, kazme n e BkynuroT 6poj Ha momaromm. [loroa ce Haora mom-
MHTEPBAJIOT (G;_1, ;] KOj TO COOP/KU IIOLATOKOT CO TOj peneH 6poj. OTrako ke
ce 3eMaT BO IPeABUJ BKYIHUOT OPOj Ha MOJATOIH N1 = f1+...+ f;_1 BO moa-
NHTEPBAJIUTE NPEN IOAUHTEPBAIOT (@;_1,a;] X BKyIHHOT OPOj HA IIOJATOLM
n; = fi+...+ fj—1 + f; BO mommHETEpBaINTE IpPEN M 3a€IHO CO IIOAUHTEPBAJOT
(a;_1,a;], MemujanaTa ce mpecMeTyBa copen popMyrara

a; — a;—1

i

m = aj_1 + (Nm —nj_1) -

Ha mpumep, 3a momarommre manenu Bo Ilpumep 2.3 co Tabema 2.5 mmame
nexa n = 70, ma Mmenujanara ce Haora Ha n,, = (70—1)/2+1 = 35.5-ToTo MecTO.
O kosoHATA CO KyMYJATUBHU YECTOTU COTJIenyBaMe IeKa MOAATOKOT KOj ce
Haora Ha 35.5-ToTo MecTo e BO 4-TtmoTr momumHTepBat (as,as] = (167.5,174.0],
sHauu j = 4. DBupejkm ng = 26 u ny = 42, umaMe aeka MeaujaHATa €
m = 167.5 + (35.5 — 26) - FA0I05 = 171.359375. 3a morceryBame, 3a apuT-
MeTUYKaTa cpenuHa nobueme T = 171.5857. Dim3uHaTa Ha apUTMETUYKATA
CTpeaVHA U MEeAWjaHaTa Ce MOKA3aTes Ha CUMETPUYHOCTA Ha pacupenendara

Ha II0JaTOIUTE.

W aputMmeTrmukaTa cpequHa M MeIujaHATa HEMa CJINCA Ja Ce IPecMeTyBaaT
Ka] KATErOPUCKUTE MOAAaTONU. Kaj HUB OIEHKA 3a IMEHTApOT Ha paclpeneli-
Dara ce maBa coO mapaMeTapoT MoJa KOj ce JeprHMpPa KaKo IIOJATOKOT CO Ha-
jronema yectoTa. MomaTa MOke na He MMOCTOU WM HE MOPAa & € €IUMHCTBEHA.
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3)

Kaj rkareropuckure obeseikja Taa omxoBapa Ha MOJATOKOT KOj MMa HajBU-
COK CTOJIO BO CTOJOECTHOT rpaduk, HoJeKa Kaj HyMepUUYKuTe obelserxja Mo-
nara OAroBapa Ha MOJATOKOT Kale Ce HAOTa HAaJBUCOKUOT BPB HA MOJUTOHOT,
OJHOCHO XMCTOTPAMOT (Kaj MOJAaTONUTe IPYIUPAHU BO UHTEPBAJIU TOA € Cpe-
OUHATA HA WHTEPBAJOT HA KOj OAroBapa HAjBUCOKUOT MPABOATOJHUK Ol XUC-
TOTPaMOT).

Taka Ha npuMmep, 3a noxaromure maneru Bo [Ipumep 2.1, moma e kaBea-
Bara 0oja Ha koca (mMa HajrojeMa yecrora, 62), 3a HOZATONUTE NAIECHU BO
[Tpumep 2.2, Mmonma e omenkara 4 (uma Hajrosema vecrora, 50) m 3a monxa-
touure naneHu Bo Ilpmmep 2.3, Moma e cpeamHATa Ha TPETUOT WHTEPBAI,
onHocHO BucuHaTta 164.25 (nmeno unrepBasior (161.0,167.5] ja compsku Haj-
rojemara decrora 17).

OO6cer, kBapTa M, IPOINEHTUJIA ¥ IIPABOATOJIEH MUjarpaM

Kako Mepka 3a mpocTupame Ha HyMepUYKATE IOJATONM Ce IpPecMeTyBa 00-
CEeroT MM PAHTOT HA CTATUCTUYKUTE MOMATONM, KOj Ce meUHUpa KaKo pas-
JUKa Mer'y HajrojeMaTa U HajMaJaTa BPeIHOCT Ha HU3TA OJ IIOAATONM T, Ty, ...
OJTHOCHO

R = max{xy, 9, ..., x,} — min{xy, x9, ..., T, }.

I"'nmaBuuoT HemocTaTOK Ha 0DOCeroT MpU aHaJU3a HA pacupemidaTa Ha IIOHa-
TONMTE € TOa IMITO 3aBUCU CAMO OJ €KCTPEMHUTE BPEAHOCTU, W CPEIUHATA
Ha IONATONUTE HE BJIMjae Ha ToJieMuHATa Ha 00ceror. 3aToa, Ce MpecMeTy-
BaaT APYTUW IpaMeTPU KOU ja HoOo(hopMyBaaT CIUKATa 3a IPOCTUPAH-ETO Ha
IOATONMTE, KAKO MITO Ce KBAPTAJIUTE U NPOIEHTUJINTE.

Hexka e manmena mompemenaTa Hu3a ON CTATUCTUYKU II0AATOIN x’l < x’2 <. <
x),. IIpBuoT kBapras (); € oHAA BPEAHOCT HA MOIATOKOT TAKA Ja YETBPTUHA
(25%) om momarouuTe ce HAOTAAT JEBO OX HErO, & TPU YETBPTUHU AECHO OJ
HEro, BTOPUOT KBapTaJt (Jo = M Cce MOKJOIyBa CO BPEIHOCTA Ha MeaujaHaTa,
[OMeKa TPEeTHOT KBapras (J3 € OoHaa BPEOHOCT HA IOAATOKOT TaKa Oa TPU
verspruru (75%) om momaronuTe ce HAOrAAT JIEBO OX HErO, a UYETBPTUHA
[EeCHO O HEro.

Axko n e BKymHHOT OpPOj Ha MOJATONM, TOTAII 3a HAaolame Ha KBapraauTe ()i
u ()3 BaxKaT ciaemHUTE (HOPMYIN

%(:El% +32h,,) =4k }1(356’% +x’37n+1) ,n = 4k
I'nTg ,n=4k+1 Typin n=4k+1
et — 4
@ Tpio ,n =4k +2 @ Tsnin ,n =4k + 2
4 4
T ,n=4k+3 Tgnys ,n=4k+3
4 4
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Ha cauuen maumn ce mehuHUpaaT u NpOUEHTUIUTE. VIMEHO P-THOT NMPOIEH-
TUJI € OHAaa BPAHOCT Ha IOIJATOKOT Taka ma pY% Ol MOJATOLUTE Ce Haoraar
neBo on Hero, a (100 —p)% nmecuo onx mero. Taka npsuoT KBaprTas ()1 € 25-tu
IPOLUEHTUII, BTOPUOT KBapTaa (J; = m e 50-Tu NPOUEeHTN 1 TPETUOT KBAPTAJ
(3 € 7H5-Tu TPOIEHTUII.

Kaj momaTomu rpynmpasu BO MHTEPBAJIM, P-TUOT IPONEHTUJ CEe HAOra Ha
(n—1)-p%+1-to MecTo, Kame n e BKymHUOT 6POj Ha momaToru. BpemHocTta Ha
HOJATOKOT Ha TOA MECTO ce Dapa CIMYHO KaKO UM BPETHOCTA Ha MeIujaHaTa
Kaj BAKBUOT TUI HAa IIOJATOIMA.

3a ma ce mobue momobpa cauka Ha pachnpeneibara HA HYMEPUUKUTE IIOIa-
TOITE OOMYHO Ce KOMOMHUPAAT MeTTe KAPAKTEPUCTUUYHU OPOEBU: MUHU-
MyMOT, TIPBUOT KBpTaJ ()i, MemmjaHarTa m, TPETUOT KBaprTad (J3 U MaKCU-
MymoT. ['paduurroTr mpura3 Ha OBUE OPOEBU € CO IPABOAroJIEeH OyijarpaM
(box plot), Taka mWTO NEHTPATIHUOT MPABOATOJNHUK € IOMery KBapTaiaure ()1 u
(3, TUHUjaTa BO MPABOATOJHUKOT OArOBapa HA MeaUjaHATa M, MOAEKa Kpa-
jHUTE JIMHUM OAroBapaaT Ha MUHUMAJIHATA, OJHOCHO MAaKCHUMAJIHATA BPEI-
voct (Cunura 2.7).

[IpaBoaromaure mujarpamMu ce KOPUCTAT IJIABHO 3a MCTOBPEMEHO CIIOPEIY-
Bame Ha IOBeKe pacupenendbu Ha nomaronu. (Co HUB MOKe Oa Ce IPOLEHU
CUMETPUYHOCTA Ha Paclpenenrdara.

Taka wa mpumep, 3a nmomarornuTe naneru Bo [Ipumep 2.2, mmame nera Haj-
MaJUOT MOJATOK € T, = 1, HAJTOJIEMUOT MOITATOK € Tpyayx = D, 3HAUU 00Ceror
e R=5—-1 =4, u dunejéu n = 128, BpenuocTure HA TPBUOT U TPETUOT
KBapTaJ ce

1 1 1
Qu = 7 (2has + 32 ) = (23 +3235) = 73+3-3) =3u

1 1 1
Qs = 1—1(353% + x/&%ﬂ) = 1(3%6 + 2g7) = 1(3 A 44) =4
coonBerHo. IIpmka3oT Ha COOABETHUOT IpaBOAroJeH AUjarpaM € ITaleH CO

Crura 2.7a).

Honeka 3a momaronurte nanern Bo Ilpumep 2.3 rpynupaHu BO MHTEpPBAJIH,
3a HAjMaJUOT MOAATOK Ce 3eMa JieBaTa T'PaHUIla Ha HAjJIeBUOT MOAMHTEPBAJ,
OIOHOCHO Tn;, = 148.0, a 3a HajroIeMMOT MOJATOK Ce€ 3eMa NeCHaTa I'paHUIla
Ha HAjAECHUOT IMOAWHTEPBAJ, OTHOCHO T,y = 193.5, 3Haum obceror e R =
193.5 — 148.0 = 45.5. DBupnejém n = 70, mpBuoT KBapTaJ (); € BpeaHOCTa Ha
noparomuTe kKoja ce Haora Ha (70—1)-0.254+1 = 18.25-ToTo MecTO, 3HAYM HEKOja
BpeqHOCT oJ Tpernor nomumHTepBaa (161.0,167.5]. Wwmeno, camdno Kako u
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MeaujaHaTa, 3a BpenHocTa Ha (J; ce HAaora crmopen

167.5 — 161.0

Q1 = 161.0 + (18.25 — 9) -

= 164.53676.

Cramuno nobuBame Ieka TPETUOT KBapTaJ (3 € Bpeauocra Ha (70—1)-0.75+1 =
52.75-ToTO MecTO, 3HAUYM € BpemHOCT ox metuoT nommHTepBaa (174.0,180.5]

i
180.5 — 174.0
Qs = 174.0 + (52.75 — 42) - ——————— = 180.35227.

[Tpukaszor HA coomBEeTHMOT mpaBoarojeH mujarpam e nanes co Cauka 2.70).

180

170+

’ () (©)

Caura 2.7: (a) I[IpaBoaronen nujarpam 3a pacupenenbara Ha IOAATONUTE A, JCHN
Bo IIpumep 2.2, (6) IlpaBoarosen mmjarpam 3a pacupenenbara Ha MDOATOIUTE
nanenu Bo I[Ipumep 2.3

4) IMucnep3uja niau BapujaHca Ha IIONATONWTE, CTAHOAPOHA IeBUjamuja

Hajuecta ropucreHa Mepra 3a pacejyBame Ha MONATOIWTE € OUCIep3ujaTa
UIY BapujaHcAaTa HAa IMONATOIMTE, KOja TO MEPU PACEjyBamETO NMPEKY OII-
aJIeyeHOoCTa Ha MOAATOUMTE OJ HUBHATA apPUTMETUYKA CpeauHa. 3a AaleHa
HU3a MOJATONU T1, L2, ..., Tpn, KO CO T ja O3HAUYMME apUTMETHUYKATa CpeIuHA,
TOralll JUCIIep3UjaTa Ha IOJATOLUTe ce AeUHUPa KaKO

-1 D (@i —7)% (2.2)

n-

Moe ma ce Kaske U JeKa TUCIeP3UjaTa 52 ¢ IPOCEUHO KBAIPATHO OTCTAIIYBAHE
Ol apUTMeTUYKaTa CpeauHa. BemuumaaTa § = V5% ce HapeKyBa CTaHIapIHa
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NeBUjalja iU CTAHOAPOHO OTCTAIyBame Ha HU3AaTa CTATUCTUYKU I101a-
toru. Ako § = 0 Toa 3HaUM OEeKa HEeMa HUKAKBO pacejyBaHe Ha IIOIATOIUTE,
OMHOCHO IEeKa CTaHyBa 300p 3a KOHCTAHTAHA HU3A OJ MOJATOIMN.

Onx CBojcTBO 2.2 3akaydyBaMe OeKa BaKU

1 n
—2<_Z Y
’ _n¢:1(xz )

3a IPOU3BOJIEH ¢ € R, 0OMHOCHO HeKa pacejyBameTo Ha MOAATOIUTE MEPEHO CO
KBaJIpaTHUTE OTCTAIlyBambha € MUHUMAJHO aKO Ce 3eMaT BO MPEIBUI OTCTAITYBa
BbaTa Ha MOJATOIUTE O apUTMETUYKATA CPEINHA U C€ MEPU CO AWCIIEP3ujaTa
Ha IOIATOIUTE.

Caennoro CBOjcTBO 2.4 TO ONUINTYBa MONPENU3HO 3HAUECHETO HA CTaHIAPI-

HaTa OeBUjalyja S KaKO mapaMeTap Ha pacejyBambe.

CsojctBo 2.4. Bapem 89% 00 cume nodamouu 00 Huzama cmamucmusky nooa-
MOUU X1, X3, ..., T, CE HAOZaam enampe 80 uwkmepsanrom [T — 35, T + 35|, kade T e
apUMMEMUNKAMa cpeduna Ha nodamoUume U s e cmardaporama 0esujauuja Ha
no0aMoYyUMe.

Joka3s. 3a k > 0 umame

= Y @-2*+ Y (-t Y (n-7)>

x;<zT—k3 T—k3<w;<zT+k3 x; >T+ks
2 : —\2 2 : —\2
r;<T—kS z; >T+ks
> Y EF+ > = ) K
2, <T—k3S x; >T+ks |z, —Z|>ks

Heka m e 6pojoT HA mOAATOIM O HU3ATA T1, Lg, ..., Ly 38 KOU BAKU |1;—T| > kS,
TOT'aIl

ns’ > E k*s* = mk?s>.
|z, —Z|>ks

Ako 5 > 0, TOrall IIOoCJeJHOTO HEPaBCHCTBO € €KBMBaJICHTHO Ha
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3a k = 3 mobuBame mexa m < én ~ 11%n, mro 3maum neka Gapem 89% om
CHTE MOIATOIM Ce BHATPE BO MHTEPBAJIOT [T — 35,7 + 35|, mro Tpebame na ce
JOKaKeE.

Cnuuno ce nobusa neka 6apeM 75% om momaTonuTe ce BHATPE BO MHTEPBAJIOT
[T — 25, T+ 25|, omrocHO Gapem 93% o1 momaTONUTE Ce BHATPE BO MHTEPBAJIOT
[T — 45,7 + 43). -

IIpu HyMepuuku mpecmeryBama HAJYECTO C€ KOPUCTU CJIETHUOT OOJUK Ha
dopmynaTa 3a AUCHep3nja Ha IOAATOIUTE, TOA €

n
1
F=-) a2l -7
n-
=1

Kaj nomatoun manenu Bo tabGesa co vectotu (Bumu Tabena 2.1), nucunepsu-
jarta ce mpecMeTyBa CIOpen

5 :%Zfi(xi_ Zfzx -z
=1

Hlucnepsujara kKaj momaronu rpynupanu Bo umHTepBasu (Bumu Tabena 2.4)
ce MpecMeTyBa CIOPe

—_Zfz CLZ—LI? Zfz_2 T

Kaze a; € CpeIquHa Ha WHTEePBAJIOT [a;_1,a;], i = 1,2,...,7

3a momaronure manenu co [lpumep 2.2, nucnepsujaTa U3HECYBa

1
5= 128(5 12+ 18- 2% + 28 .32 450 - 42 + 27 - 5%) — 3,59375% = 1, 17871,

Ol KaJe 3a CTaHmapaHaTa aeBujanmja mMmame s = 1, 08568.

IHonera mak, 3a momaronure nanenu co [Ipumep 2.3, nucneps3ujara udHecysa

32 =

%(3 -151.25% + 6 - 157.75% + 17 - 164.25% + 16 - 170.75% 4 11 - 177.25% +
+15 - 183.75% 4 2 - 190.25%) — 171.5857% = 94.067198,

ma cTaHmapaHaTa AeBujanuja e s = 9.6988.
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2.4 JIBommMMEH3MOHAJIHU 00eJIekja

1) TaGesia HA KOHTUHTEHIMja, TPAPUUKA OPUKA3 HA IBOOMMEH3NOHAJIHATA
pacipenesidoa Ha YeCTOTUTE, Ipapuk Ha paclpeneidoa Ha IIOJATOINUTE

[Ipu nmpoyuyBame Ha HEKOja MOjaBa, YECTO Ce Pa3TJieLyBaaT MOBEKe O €IHA
KapaKTEePUCTUKA U CE BOCIOCTaByBa 3aBucHOCT Mery HuB. Hera X um Y ce
nBe obOeliekja KOUM ce pal3rienyBaaT MCTOBpeMeHo. Torarmr, mpu u3BPIIECHU
n Mepema ce mo0OuBa HU3a O] CTATUCTUYKU OBOOMMEH3MOHAJHU IIOOda-
TOIM, OJHOCHO HU3a OJ MOApeneHu mapoBu (T1,Yy1), (T2, Y2), ..., (Tn, Yn), KaIE
mpBaTa KOMIIOHEHTa OAroBapa Ha obenexjero X, a Bropara Ha obesexjero Y,
OJMHOCHO TOAATOIMUTE OArOBaapaT HA OBONAMEH3VMOHAJHOTO CTATHUCTUUYKO
oGeresxje (X,Y).

Herka X u Y ce muckpernu obenexja. Ila ru ozHaumme co a; < as < ... < a,
pPa3JIMYHUTE BPEAHOCTH Ha obernexkjeTro X ompaTeHM CO IpBaTa KOOPIMHATA
Ha momaroruTe (T1,Y1), (T2,Y2), -y (Tn, Yn) 1 Ha TH 0O3HAUKME CO by < by < ... < by
pa3JIMYHUTE BPEIHOCTU Ha obesesxjeTo Y obdaTeHu co BTOpaTa KOOPIAUHATA
Ha mcTtuTe noxaromm. Toram, TabenaTa Koja I'M COOP/KM UECTOTUTE f; ; Ha
nojaByBame Ha BpemHocra (a;,b;), i = 1,2,...,7, j = 1,2,...,s BO OBOAUMEH-
3MOHAJIHUTE NIOJATOLM Ce HapeKyBa Tabesa Ha koHTUHTeHuja (Tabena 2.6).
[Ipu Toa Ba:ku meka BKYTHUOT 30UP O YE€CTOTHU € €IHAKOBHHA BKYIHUOT OPOj
Ha U3BEIEHU MEPEma

N3 fy=n

i=1 j=1

by | by |- | by |- | by ||

a fu | fiz |- flj o | fis || ;v
a2 Jor | faa | -+ f2j | fas || g2

a; fao | fie | -+ fij | fis || g

a:r f;1 f;2 f;j f;s g:r
B L R N

Tabena 2.6: Tabena HA KOHTUHTEHIMja HA YECTOTUTE
Tabena 2.6 ce MONONHYBa U CO YECTOTUTE Ha CEKOja OJ BpeqHOCTUTe a; u by,
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1=1,2,...,7, j =1,2,...,s TOeIUHEYHO, OJMTHOCHO CE€ MPECMeTyBaaT OpPOeBUTE

gi = Zfij, 1=1,2,..,m, h;= Zfij’ j=1,2,..,s.
J=1 i=1

¥ Y by | by |- | by || by || D
a Pir | P12 | - | P1j | | P1s | @1
a2 Por | P22 |~ | P25 | " | P2s || 42
a; Piv | Pi2 | = | Dig | "7 | Pis || @i
Qr DPri | Pr2 | = | Prj | " | Prs qr
L [y ]1]

Tabena 2.7: Tabena HA KOHTUHTEHIja HA PEJIATUBHUTE YECTOTU
Ako Bo TabenaTa Ha KOHTUHI'EHIMja HA MECTOTO OJ YECTOTUTE f;j T CTaBUME
pEJIATUBHUTE YECTOTU

-
ij 7’L7

ja mobuBame Tabena 2.7. Ilpu Toa 3a pelaTMBHUTE UECTOTU BAKU

DD pi=1

i=1 j=1

CoomBeTHNTE PENATUBHMA YECTOTH KOM OAroBapaaT Ha BPETHOCTHUTE a; U bj,
1=1,2,...,r, 7 =1,2,..., s moequHEYHO ce maneHu co GpOpMyIUTe

Qizzpijv i=1,2,..r, TjIZp@-j, 7=12,...s.
J=1 i=1

IIpumep 2.4. Bo emna paboTHa opraHu3alnuja CIPOBEIECHO € MUCTPAKYBAIE
BO BPCKa CO ONTEPETEeHOCTa Ha BpaboTeHuTe co pabOTHU OOBPCKU. 3a CEKO]
on 165-te BpaboTenu 3abee;kKaHM Ce MPOCEYHMOT OPOj Ha CJA0DOMHU 1e-
HOBU BO TEKOT Ha €I€H MecCell KoM PaOOTHUUKOT T'M 3€JI HaABOP O AEHOBUTE
npeaBuaeHy 3a roauiieH omMmop (obGesexje X) m mpoceunmor Gpoj Ha me-
HOBU MECEUHO Kora TOj paboreis nmpekyBpeMmeno (obexneskje V). Ha toj nauun
nobueHu ce cjegHUTE IBOANMEH3MOHAJIHU 0 AATOIIN:
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Tabena 2.8 maBa mpuka3 Ha YECTOTUTE HA BPEIHOCTUTE HA IBOAMMEH3UOH-

amaoTo obenexje (X,Y) ondarenu co mobueHuTe MOXATONU.
Tabena 2.9 mameHu ce COOOBETHUTE PEIATUBHU YECTOTHU.

Jonexka BO

39
78
48

0

0
21

21

12

44 | 34

23
0

0

[4]23]56]55]21]6] 165 ]

X e mpoceuen Opoj Ha caobomHU MEeHOBU W Y € IpocedeH OpOj Ha MEHOBU CO

Tabena 2.8: Tabena Ha KOHTUHIeHIMja Ha yecTtoTuTe 3a obenexjero (X,Y), rane
npekyBpeMeHa paboTa

CoomseTHNOT rpaguk Ha pacupenendara Ha mozmaromure (scatter plot) e

nanen co Cauka 2.8a). Jloneka rpa¢puuKMOT NpUKa3 HA NBOOMMEH3OHAJI-
HaTa pacupenenada Ha yecrorure naneru co Tabena 2.8 e wa Cuuka 2.86).

2) KpuBu Ha perpecuja, opaBu Ha perpecuja, KOeQUIMEHT HA KOpeJanuja,

CT€IIEH HAa CTaTHUCTNYKA 3aBMICHOCT

., T, 3a obexexjero X M CTATUCTUUKUTE

CraTucTUykrTe MOOATOIU T1, L3, ..

. Yn 32 ODesexjeTo Y mpeB3eMeHU O JBOAMMEH3MOHAJHUTE

oo gaToun Yi, Ya, ..

o (T, yn) MOe ma ce obpaboTyBaar

CTATUCTUYKY momaronut (T, Y1), (T2,Y2), ..
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Y
X 0 1 2 3 4 5 2
0 4/165 | 23/165 | 12/165 | 0 0 0 [ 39/165
1 0 0 | 44/165 | 34/165 | 0 0 | 78/165
2 0 0 0 | 21/165 | 21/165 | 6/165 || 48/165
[ = [ 4/165 | 23/165 | 56/165 | 55/165 | 21/165 | 6/165 | 1 |

Tabena 2.9: Tabena HA KOHTUHTEHIIN]a HA PEJIATUBHUTE YECTOTUTE 3a 0DeIeKjeTo
(X,Y), kane X e mpoceuen Opoj Ha caoboMHU HeHOBU M Y € mpocedeH OPOj Ha
IEHOBU CO MpEeKyBpeMeHa pabora

Cmura 2.8: (a) 'paduk na pacnpenenba na momarormure mnameHu co Tabema 2.8,
(6) 'padmukn MpUKa3 HA YECTOTUTE HA MOJATONUTE maneHu co Tabema 2.8

1 mocebHo. 3HauM, aKO YeCTOTUTE Ha ABOIUMEH3UOHAJHUTE IIOAATOLMU Ce
nmamenu co Tabema 2.6, Toram HUBHUTE aAPUTMETUYKU CPEIUHU Ce

I 1
ﬁzl% = E;giai;

S
I

y

l & 1<
ﬁizlyz':ﬁizlhibm

OMHOCHO HMBHHUTE OJUCIIEP3UUN CE

1 n
55 - ;—1 (x; — ) E— TP —T ' gi(a; — @) > gia; —T°,

5, = %Z(yi—yf = %ny—f = %Zhi(bi—yf = %Zhibf—y?
i=1 i=1 i i=1
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2. IleCKpUNTUBHA CTATUCTUKA 43

Toram, Toukara (T,7) MO¥Ke DA Ce MHTEPIPETUPA KAKO ~TeRumTe” HA COOI-
BeTHATa pacupenenda Ha OBOAMMEH3MOHAJHUTE MOMATOIM, U CE€ HaPEKyBa
cpeouHa Ha NBOAMMEH3VOHAJHATAa paclipeneada Ha YeCTOTU.

3a momarorure nanenu co [Ipumep 2.4, ce mobusa
7 = 1.05455, 52 = 0.524298, 35, = 0.724084,
Y= 2.50909,35 = 1.14689,5, = 1.07093.

3asucHocta Mery obGenexjara X m Y ce TOJKyBa NMPEKYy BPEIHOCTUTE HA
oOpeeHu TapaMeTPU U HUBHATA T€OMETPUCKA nHTepnperaiuja. Vimeno, moxke
Ioa cMeTaMe JeKa CO j-TaTa OCHOBHa KoJioHa on Tabena 2.6 ce ompemenyBa
yCJIOBHA pacrupenenba HA YECTOTH 3a OHUE HMOAATONM Ha obenexjero X Kaj
kou obenexjeTo Y nmpuma BpeqHocT b;, j = 1,2, ..., s, OMHOCHO ja MMaMe yCJIOB-
HaTa pacupenesda Ha dyecToTH maneHa co Tabema 2.10.

BpennocT ma X ar | ag |-l a; || ay || X
npu ycioB Y = b;
| Yecrora || fij | fo; [ [ fiy |~ [ fos [ 1]

Tabemna 2.10: YcmoBua pacupenesnba Ha YECTOTH HA MOTATOIUTE O ODeIeKjeTo
X koj Kom obenexjero Y = b;

ApurMmeTndkaTa cpeauHa Ha MOJATOIMUTE O YCIOBHUTE PACIPEAeION Ha dec-
rotu maznenu co Tabesa 2.10 ce o3mauyBa co T(b;) u ce mpecMeTyBa CIOPET

_ 1 ,
T(b;) = - Zfijai; j=12,..s.
J =1

Ha cnuuen mauwH ce mobuBaaT M YCJIOBHUTE pACIPeneadM HA YECTOTU HA
OHMe TomaToum onx obernexjeTro Y Kaj Kou obernesxjero X mOpuMa BPEITHOCT
a;, 1 = 1,2,...,7, ma COOABETHUTE APUTMETUYKU CPEIUHU CE€ IPECMETyBaaT
cnopen

_ 1< .
y(a;) = _Zfijbj7 1=1,2,...,7.
9i 5

Toram, ¢yurmuure a; — y(a;), ¢ = 1,2,...,7 u b; — T(b;), j = 1,2,...,s ce
HAPEKYyBaaT (YyHKIMU HAa perpecuja Ha IaNeHATa HU3a CTATUCTUYKU I101a-
ToluM 3a aBoaMMeH3noHasHOTO obeneskje (X,Y). Ilpsara ¢ymrmumja a; +—
y(a;), i = 1,2,...,7 ja mOKaKyBa 3aBUCHOCTA HA APUTMETUYKUTE CPEIVHU HA
YJICOBHUTE pacupenejadm Ha 4ecTOTU BO i-TaTa penuna on Tabemna 2.6 on
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BpenHocTUTE @; Ha obenexjero X, momeka Bropra ¢yukmuja b; — T(b;), j =
1,2, ..., s ja mOKa:KyBa 3aBUCHOCTA HA aPUTMETUYKUATE CPEIVHU HA YJICOBHUTE
pacnpenendu Ha 4eCTOTH BO j-TaTa KoaoHa ol Tabeina 2.6 on BpennocTute b;
Ha obenexjero Y. ['paduukmre npuka3m HaA OBUE (YHKIUM ' OIPENEIIYBAAT
KpPMBUTE HA perpecuja Ha apUTMETUYKNATE CPEAUHU Ha yCJIOBHUTE paCIpe-
[esdu BO 3aBUCHOCT O BPEAHOCTUTE Ha obesieskjaTa BO YCJIOBOT.

Taka, 3a momaromure mameuau Bo IIpumep 2.4 co Tabena 2.8 umame

7(0)=1(4-04+0-14+0-2) =0,

T(1) = 5(23-0+0-1+0-2) =0,

T(2) = =(12-0+44-140-2) = 0, 7857,

T(3) = =(0-0+34-1+421-2) =1,3818,
T(4)=5(0-040-1421-2) =2,
T(5)=3(0-040-1+6-2) =2,
7(0)=55(4-0+23-1412-24+0-34+0-440-5) =1, 2051,
7(1)==%(0-0+0-1+44-2+34-3+0-440-5) = 2,4359,
7(2) =%5(0-0+0-1+0-2421-3+21-4+6-5) =3,6875,

ITO 3HAYM, HA IPUMED, AeKa MECEUHMOT MPOCeYeH 6POj HA 3eMeHU CJI000MHI
IeHoBU 3a BpaboTeHUTe Kou paboTesie BO MPOCEK MO 4 IeHa BO MECEIoT
npekyBpemeno e 2 nena (on T(4) = 2). CoomBeTHHUTE KpUBU Ha perpecuja
nanenu ce co Cnuka 2.9.

L]
I
|
4- o

L T S
-10 -0.5 N 05 10 15 20 25

Cmuka 2.9: I'padur HA KpmBHUTE HaA perpecuja 3a NONATOINUTE MAIEHUA CO
Tabena 2.8 (upBeHATA IOJHA JIWHMA]A € 38 APUTMETUYKATE CPEAVHU HA YCIOBHUATE
pacupenenbu HA YeCTOTUTE Ha Y BO 3aBUCHOCT On X, CHHATA UCTPEKUHATA JTUHU)A
€ 3a apUTMETUYKUTE CPEAUHU Ha yCJIOBHUTE pacupenendbu Ha yecTtoTuTe Ha X BO
3aBUCHOCT 01 Y)
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S o o
R R A I A A A A AR A

w

N

T R P S RS R R Y
-10 -05 05 10 15 20 25

Cnuka 2.10: I'padmr Ha npaBuTe Ha perpecuja 3a NONATOIUTE TANEHU CO
Tabena 2.8 (upBeHaTa MOJIHA JUHUja € 3a IpaBaTa Ha perpecuja Ha II0AaTOUTE
3a Y BO 3aBUCHOCT OJ mOJaToIuTe 3a X, CUHATA UCIPEKUHATA JUHUja € IpaBaTa
Ha perpecuja Ha mozaTonuTe 3a X BO 3aBUCHOCT OJ IOomaTounute 3a Y)

AnpoKCUMUpPamEeTO Ha KPUBUTE HA PErpecuja co MPaBU € CO IMOMOII Ha METO-
[OT HA HAajMaJM KBaIpaTu. Taka, mpu ampokcuManuja Ha kpusBaTta y = y(a;)
co npaBa y = Axr+ B, koepunuenture A u B ce Haoraar 3a na ce MAHUMU3UPA

cyMaTa
S = Z Z(ACLZ + B — bj>2fij‘

i=1 j=1
WNwmeno, ce pemaBa CUCTEMOT PABEHKU

oS a5

ITo cupoBenmenoro mudeperHtmpame cucteMoT (2.3) TpeMUHyBa BO

AZZa?fij—l—BZZaifij :Zzaibjfij

’L'Zrl ]jl ri=18j=1 Ti=15j=1 (24)
BY > fi+AY D aifi = bify
i=1 j=1 =1 j=1 =1 j=1

Ce 3ema BO mpenBum IeKa

T S T

ZZfij =, Zzaifij =nz, Zzbjfij = ny,

i=1 j=1 i=1 j=1 i=1 j=1
r s

i=1 j=1
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BosenyBame HOBa 03HaKa
' S
_ 1
Szy:ﬁ § § (ai_x fz] § E azb fl] Y,
i=1 j=1 i=1 j=1

Ol Kae modbuBaMe exa

s S

Z Z aibjfij = n(?xy +T y)
i=1 j=1

Toram cucremor (2.4) mpeMuHyBa BO

An(s2 4+ 7%) 4+ BnT = n(5,, + T Y) (2.5)
Bn + AnT = ny '
OJHOCHO BO
A(52 +7%) 4 BT = (54y + T 7) (2.6)
B+Az =% '

Onx Bropara paBeHka Bo (2.6) ce yBumyBa neka Toukara (T,7) JeKU Ha Ipa-
Bara y = Ax + B. Co pemasame Ha 0BOj cucteM (2.6) ce nobusa meka

Sz _
A: __Qyu B = Yy—
Sz

y

Cnl "ﬂ

3a na mokaskeMe IeKa OBUe JBe BpeqHOCTHU 3a A 1 B ja MUHUMU3UpaaT cyMaTa
S, mOoTpebHO € na I';m UCIUTaMe BTOPUTE MapPIUjaHN U3BOIY, I1a MMaMe

6A2 —QZZ(I fii = 2n(32 +7°),

=1 j5=1

0?8 d
6AaB Zzazfm_znx __QZZfz]—

i=1 j=1 =1 j=1

[Toroa, bunején 3a cekou A u B Baku

P54

0A2 = 7

02S 928 iy 028

0A? 0B? 0AOB

nMaMme nexa S e KOHBEKCHA (yHKOUja IO nmpoMeHauBuTe A m B, mTO 3HAUMN

meKa cymara S OOCTUTHYBa MUHUMYM BO BpemHocture 3a A m B moOueHu
CO M3eqHAYyBalke HA MPBUTE NapPIUjaHA M3BOAM Ha Hyaa. lla, mobuBame

)2 =4n?(52 +7°) — (2nT)* = 40”52 > 0,
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IeKka mpaBaTa Ha perpecmja koja HajaobOpo ja ampoKcUMUpa KpuBaTa Ha
perpecuja y = y(a;) e

y Szy
Yy==Sr+y— =71,
5 55

WJI BO CpemeH ODJIMK
y-9= (-7 (2.7)

Ha cnmuen HauwH, CO MUHUMU3UPAKHE HA CYMaTa

T = Z Z(ij + D — ai)2fij7

i=1 j=1

ce mobuBa IeKa _ _
Sy — Sy _
C = 5—2, D=7— §—2y,
y y
ma nmpaBata Ha perpecuja r = C'y+ D kKoja HajooOpo ja ampoKCUMUPa KpUBATA
Ha perpecuja r = T(b;) BO Hej3MHUOT cpeneH O0IUK €

_ 5 _
r—T==(y—7). (2.8)
Sy

Co 3amena Ha nobOueHuTe BpenHocTu 3a koeduiumenture A u B Bo cymara
S, omaocuo Bpemnoctute Ha C' u D Bo cymara T ce mobuBaaT MUHUMAJJIHATE
BPEOHOCTU Ha OBUE CyMU KOU M3HECYBaaT

52 52
_ 2 Yy =2 Ty
Smin = NS, (1 — _—2_2>, Tnin = NS, (1 — _2_2>.
5.5, 525,
Bpojor
Sy
r=—= (2.9)

525y

ce HapeKyBa KOepUIIMEHT Ha KopeJsanuja. V3paszeHu npexky HEro MUHUMAJII-
HUTE BpennocTu Ha cymure S u 1 ce

Smin = n§§(1 — 7“2), Tmin = ngi(l — 7“2),

u 6unejku S u T ce HeHETaTWBHU BeJIMYMHU HoOuBaMe neka 1—r2 > 0, o tHOCHO
nexka —1 <r <1.

[Tonaramy, UMajku rv BO IPEABUI PABEHKUTE Ha MpaBuUTe Ha perpecuja (2.7)
u (2.8) 3a aroyor ( Mery OBHE ABe IPABU MMaMe

2 [ —
1—7r% 5,5

tan @ = (2.10)

2 2
rooSsytsy

Npena CrojroBcka



48

2. IlecKpUNTUBHA CTATUCTUKA

TonkyBameTo Ha 3HAYEHETO Ha KOC(PUIMEHTOT Ha KOpeJsalrja € CJIEeIHOTO.
Axo r? = 1, Toram arosoT ¢ Mery mpaBuTe Ha perpecuja e ¢ = 0 uium ¢ = T,
ITO 3HAUM [O€Ka IPAaBUTE Ce MOKJomyBaaT, u Toram S = T = 0 mro 3HaUM
eKa moIaToruTe (T1,Y1), .., (Tn, Yn) JIEKAT HA 3a€IHUYKA [IPABA OMNPENEIIEHA
CO paBeHKaTa

y—y=—(r-7). (2.11)

Toram Beaume neka momaTomuTe 3a obesekjero Y JMHEAPHO 3aBUCAT O
nozxarorure 3a obenexjero X (1 o6paTHO), T.€.
Sy

Yi=—(v; — %) +7y,i=12,..,n (2.12)

Sz
Axo r = 0, Toram 5,, = 0 u cragyBa 300D 32 HEKOPEJMPAHU CTATUCTUYKA
nomaTony r; Yy, ¢t = 1,2,...,n.

Bo ommr cayuaj, ako |r| < 0,5, Toram momarounute T; U Y, i = 1,2,...,n ce
cnabo kopesupanu, axo |r| > 0,5, Toram cramyBa 300p 3a CTATUCTUYKA
cUrHUPUKaHTHA KopeJianuja.

Axo r > (0, Toram nMaMe MO3UTUBHA KOpeJIAluja, OIHOCHO CO 3T0JIEMYBAE
Ha BPETHOCTUTE HA €THOTO ObesierKje ce 3rojeMyBaaT BPEAHOCTUTE HA IPY-
rOTO BO PaMKHUTe HA JBOAOMEH3MOHAJHUTE MIONATONM, M COOABETHO 3a 1 < ()
rMaMe HeraTHWBHA KopeJiamuja, OTHOCHO CO 3T0JIEMYBamhe Ha BPETHOCTUTE
Ha €HOTO ODeleskje ce HaMaJIyBaaT BPEIHOCTUTE Ha APYTOTO BO PAMKUATE Ha
IBONOMEH3UOHAJIHUTE IO NATOIN.

3HauM, KOepUIMEHTOT Ha Kopejalyja KOj OAroBapa Ha CTATAUCTUYKUATE I10 Ia-
TOIW 3a [ABOAMMEH3MOHATHOTO obeneskje (X,Y), ro omnumryBa CTENEHOT Ha
a(rHa 3aBUCHOCT Mery momarouure 3a obesnesjero X u nmomaronuTe 3a 00eIex-
jero Y.

Ha mpumep, 3a momaronure manenu co [Ipumep 2.4 om mpeTxomHo mOOUBME
Jexa
T = 1.05455,33 = 0.524298,5, = 0.724084,

Y= 2.50909,55 = 1.14689, 5, = 1.07093.

WMcTo Taka ce mpecmeryBa M meKa
54y = 0,651019.
Toram, paBeHKUTe Ha IIpaBUTE HA perpecuja ce

y=1,24177 +1,19966, =« = 0,56764y — 0.369716,
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a HuBHHUTe rpadumu nanenu ce co Cawmra 2.10. 3a KOoePUIMEHTOT HA KO-
penamnuja mMame
r = 0,839546,

ITO 3HAYM OEKa MPOCEYHMOT OPOj Ha CJIOOOMHU MEHOBU BO TEKOT HA €IeH
Mecel] KoM BPaOOTEHMOT T' KOPUCTU HAIBOD OJ NEHOBUTE MPEIBUIEHU 3a
OJIMOP M IPOCEUYHNOT OPOj Ha JEHOBU BO TEKOT HA €IeH Mecell BO Kou paboT-
HUKOT pabOTU IPEKYyBPEMEHO CE€ MO3UTUBHO KOpeaupaHu (CO 3rojieMyBame Ha
OpojoT Ha cIOOOMHU HEeHA KOU T'M 3eMa pabOTHUKOT, Ce 3rojieMyBa U OPOjoT
He IEeHOBU KOra OCTaHyBa na paboTu mpekyBpemeno). Vcero Taka Moxke na
KajKeMe MeKa IMOCTOM CTATUCTUYKM CUTHU(GUKAHTHA Kopejamnuja Mery Iona-
TOITE 3a OBUE OBe Oobeserxkja.

I[Iperxomao cmomMHaBMe nOeka KOra KOe(UIIMEHTOT Ha Kopenanuja € r = 0
cTaHyBa 300D 3a HEKOpEeJIUpaHU CTATUCTUUKMU MMOAATOIM, IITO HE 3HAYMU IEKa
HE TOCTOU HUKAKBA CTATUCTUYKA MOBp3aHOCT Mery HuB. Crarucrmukara 3a-
BUCHOCT C€ M3Pa3yBa MPEKy OTCTANYBAaKmETO OJ] CTATHMCTUYKATA HE3aBUC-
HOCT Ie(HMPAHO CO

ZZ ”fw 92 ZZ (2.13)

=1 j=1 1—1]1

Kazne fi;, gi, h; ce decrorure nmpessemenu o Tabena 2.6. 3a oTcramyBameTo
OJl CTATUCTUYKATA HE3aBUCHOCT Ba;KU peJlalujara

0 < f* <min{r,s} — 1. (2.14)
Bpennocra f =0 ce mocTUrHyBa TOrAIl KOTa BayKU

nf’Lj gl ]7 2 - 1 j: 17"'7Sa

IITO 3HAYM [JEKa YCJIOBHUTE pacupenesbu HA 4ecTOTUTe BO pemunute (COoom-
BETHO M BO KOJIOHUTE) MeryCcebGHO Ce PA3JIMKyBaaT caMO BO OAPEIEH Koe(u-
IUEHT Ha MPOMOPIMOHAJJHOCT, ITa CIOPEeI TOoa MOJKE Ia Ce Kajke NeKa BPe-
HOCTUTE Ha €THOTO ODesierkje BasKHO HE BJIMjaaT Ha yCJAOBHATA pacipeneiida
Ha YEeCTOTUTE Ha MOJATOIUTE 3a APYroTo obelsekje, W BeJuMe IeKa Ioaa-
TOIIUTE CE€ CTATUCTWUKM He3aBUCHU. Jlomeka, MakCuUMaJHATa BPETHOCT
f? =min{r, s} —13ar > s ce nocTUTHYBa KOTa CeKoja peauma on TabejaaTa Ha
rouTuHTeHNUja Tabena 2.6 coOaAp:KM TOYHO enHA BPEIHOCT PA3JIUYHA O HYJIA,
1 3a r < § ce MOCTUTHYBa KOTa CEKoja KOJOHa oa Tabegara HA KOHTUHIEH-
1ja COAPYKU TOYHO €IHA BPEAHOCT pa3JjiMdHa O HyJaa. Toa 3HAYM meka Mery
MOJATONMTE KOM OATOBapaaT Ha obenexjara X u Y mocrtom QyHKIIMOHAJIHA
3aBMCHOCT, OJTHOCHO Ha CEKOja BPEIHOCT a; Ha obesiexkeTo X U € Ipuapy-KeHa
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3)

caMo enHa BpeaHOCT ox obenexjero Y (kora r > §), ONHOCHO HA CEKOja BPE-
HOCT b; Ha obeneskeTo Y U e IpUApPyKEHa cCaMO €IHa BPETHOCT 01 00esIek]jeTo
X (rora r <s).

IToKOJIKY OTCTAIyBamEeTO OJ CTATUCTAYKATA HE3ABUCHOCT T'O MOJEIMME CO He-
roBaTa MaKCUMaJia MOYKHA BPEAHOCT TaKa HOOMEHUOT KOJUYHUK Ce HAPEKyBa
CTENEeH HAa CTATUCTUYKATA 3aBUCHOCT HA IIOJATONUTE KOU ONrOBaaT Ha obe-
aexkjata X u Y COOOBETHO, OJHOCHO

o= f?/(min{r, s} — 1). (2.15)

CreneHOT Ha CTATUCTUYKATA 3aBUCHOCT Ce n3pa3yBa BO IIPDOIECHTU.

Baskmo e ma ce HallOMeHe IeKa BPEIHOCTUTE Ha f2 W 0 He 3amcaT O Bpe-
HOCTUTE KOUW T mpuMaar obeine:xkjara X m Y TYKy caMO OJ YECTOTUTE O
TabesaTa Ha KOHTUHICHIIM]a. 3aToa, MapaMeTpuTe f2 M 0 MOKe Ia ce KO-
pPHCTAT ¥ IIPU aHAJAW3a HA CTATUCTUYKATA 3aBMCHOCT M BO CJIyuyaj Ha
HEHyMepUUYKN (KATErOPVICKM) I10JATOLM.

Bp3 ocuosa ma nmomaromute manenu Bo lIpumep 2.4, mpu amaim3a Ha CTATHUC-
TUYKaTa 3aBUCHOCT Mery HOAATONMTE KOM OoAroBapaar Ha obenexjero X-
poceveH MecedyeH OpoOj Ha cJI00OMHM NEHOBW, W OHUE KOU OJAroBapaaT Ha
obenexkjeTo Y-mpoceueH MecedueH OpPOj HAa MEHOBU CO TpEKyMepHa paboTta,

nobuBaMe IeKa
f*=1,20047, o0 =0,600237 ~ 60%,

IITO 3HAYM JIeKa Mery OpojoT Ha CiI00OMHU NEHOBUW U JIEHOBU MPEKyBpeMeHa
paboTu mOCTOM CTATUCTUUKA 3aBucHOCT ox 60%.

HenpekunHat NBOIMMEH3MOHAJIHN O0eJIekKja

Axro obGenexjara X u Y ce HENpEKUHATH, TOTAII IBOIMMEH3UOHAJIHOTO 00e-
neskje (X,Y) e ucro Taka HEMPEKMHATO, OMHOCHO MOMKE Ia IPUMa OUIO KOja
BPEIHOCT O OAPEIeH MPOU3BOA HA MHTEpPBAJIU. 3a Oda Ce COCTaBu Tabejgara
HA KOHTUHTEHIMja 32 MOAaTOIUTe (IT1,Y1),..., (Tn,Yn) KOM OAroBapaaT Ha He-
npexkunatoTo obenexje (X,Y) majuanpen tpeba ce M3BPIIU IPYyNUpPAHE HA
[IOJATONUTE BO MHTEPBAJM 338 CEKOE Ol €IHOAMMEH3MOHAJHUTEe obeierkja X
n Y, Ha nOpuMep BO 7, OJHOCHO S IIOAMHTEPBAJIM, CO I'PaHMIOM BO TOYKUTE
ap < a; < ... <a, mby < b <..<bs coomBerno. Toram, uecrorara f;; ke ro
o3HauyBa OPOJjOT HA MOAPENEHU MAPOBU OX HU3ATA (T1,Y1), ..., (Tn,Yn) 38 KOU
BayKM Mla MPBATa KOMIIOHEHTa € OJ (-TUOT IOAWHTEPBAJ 3a BPEIHOCTUTE HAa
X, 1.e. moguaTEepBANOT (€ 1,q;], & BrOpaTa KOMIOHEHTA € OJ j-TUOT II0AVH-
TepBaJl 338 BpenHOCTUTE Ha Y, T.e. momuaTepBanor (bj_1,b;|. Ha rtoj nauun ce
nobuBa TabeJsiaTa HA KOHTUMHIEHIja HA YECTOTUTE HAa II0JATOIUTE I'PYIIN-
paHu BO uHTepBaJau, lTabema 2.11.
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Y [bo,b1] | (b1, ba] | - | (bj_1,b5] | -+ | (bs—1,bs]
X cpeauHa by by e b; e by b3
Ha UHTEPBAJ
lag, a1] a fi1 fi2 f1j fis g1
(a1, as] a fo1 fo2 ‘- foj e fas g2
(a1, a;] a; fil fio s fij T fis 9i
(arfh ar] [ frl fr2 T f'r‘j e frs 9r
| \ z [ h T he T~ Ay [T he [n]

Tabena 2.11: Tabesa HA KOHTUHTEHIjA HA YECTOTUTE HA MOAATOIUTE TPYIUPAHU
BO MHTEPBAJIU

Coonpernara Tabesia HAa KOHUHTEHIMjA HA PEJIATUBHUTE YECTOTU CE€ 0-
6uBa KOra Ha MEATOTO OJ UYECTOTUTE f;; Ce CTaBaT PEJATUBHUTE YECTOTU
pij = fij/n, i=1,..,r, j =1,..., 8, HA MECTOTO OJ YeCTOTUTE ¢; U h; C€ CTaBAT
PEeJIATUIHATE YeCTOTH ¢; = ) . Pij ¥ Tj = ), Pij coomseTHo. I'pauurmor
IpUKa3 Ha MOJATONUTE AaIeHU CO Tabesla Ha KOHTUHTEHIMja HA YECTOTHU € CO
OMOII Ha MBOIMMEH3VOHAJIEH XMCTOTPpaM Ha YEeCTOTU, OJHOCHO MOBO -
MEH3VOHAJIEH XMCTOTPAM HA PEJIATUBHU YECTOTMH.

On aepuHUIUUTE 33 T, Y, si,

JlydyBaMe IeKa IPaBUTe Ha perpecuja U KOePpUIMEHTOT Ha Kopejallija MOXKe
[a ce ImpecMeTaaT W 3a MOAATOIM KOM OATOBapaaT HA JABOIUMEH3UOHAJHO
HEIpEeKnHaTO obesekje 6e3 ma OmIAT MPETXOMHO I'PYNUPAHU BO UHTEPBAJU.
3a pasiauka O OBUWE IapaMeTpH, 3a IpeCMeTyBalme Ha OTCTAILyBAWmETO O
CTATUCTUUYKATA 3aBUCHOCT f2 U CTENEHOT Ha CTATUCTUYKATA 3aBUCHOCT O MO-
Tpebuu ce yvectorure. V Oumejku rpynupameTo BO MHTEPBAJIU HE € €IHO3-
HAYHO, KOPUCTEHETO HA HapaMeTpuUTe f2 U 0 IpU aHAIM3a HA 3aBUCHOCTA HA
MOJATONMTE KOM OAroBapaaT HA HENPEKUHATU obeleskja ce u3berHysa.

85 n Sz KOM HE 3aBUCaT O YECTOTUTE, 3aK-

3Haejku ja camo pacupenenbara Ha IOZATONUTE BO WHTEPBAJIUA AALEHA CO
Tabena 2.11 Bpemnocture T, ¥, $2, $2 U Sy, NPUOIMKHO MOMKE A& CE HMPEC-

y
MEeTaaT CIOPe.
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3

OcCHOBHU OMMU HA MaTEMaTHUUYKATA

CTAaTNUCTHNRA

3.1 CrarucCTUYKU MO IeJI

[Ipu mpoyuyBame Ha cOOEpPEHUTE CTATUCTUYKU IOAATOIX BO BPCKA CO HEKOja IO-
jaBa, ce HaMeTHYBa DapameTo 1a ce JOHeCce OPeNeH 3aKIYUYOK BO BPCKa CO pa3riie-
mnyBaHaTa nojaBa. Tokmy oBa e riiaBHaTa 3alada HA MaTEeMAaTUYKATA CTATUCTUKA.
IlonecyBameTo Ha 3aKJIydolIM BO BPCKa CO pasrieqyBaHATA IOjaBa BP3 OCHOBA
Ha KOHEUEeH OpOj Ha CTATUCTUYKUA MOJATONM € MO3HATO KAKO CTATUCTUUYKO 3aK-
ayuyBame. [locTojar raaBHO ABa mpucTama OIPU JOHECYBAWHETO HA CTATUCTUYKU
3argydornu. [IpBuoT, mpucTam HA YECTOTU NpeanoxkeH on Kemmen, e Mo:kedbu u
HAaJKOPUCTEHUOT BO MPAaKCa U CO HErO Ce MPETIOCTaByBa NEKa CEKOj €KCIEePUMEHT
e OECKOHEYHO MHOTY NAaTU MOBTOPJIUB U JEKa MOPa Oa T'M 3eMeMe BO IMPEIBU CUTE
MOKHU MCXOOU OJl €KCIIEPUMEHTOT 3a Ma MOKe Oa JOHeceMe HEKO] CTATUCTUYIKU
3akayuok. CHOpoTwBHO O OBOj mpucraln, bajecoBMOT mpuCTam I'm TeMeaud 3a-
KJIYYOIIUTE CaMO Ha HaOJyIDyBAHUTE MOMATONU W HEOAPEMEHOCTUTE BO BPCKA CO
HEMO3HATUTE MapaMeTPU Ce ONYIIyBaaT MPEKy paclpenesion Ha BEPOjaTHOCT KOU
3aBUCAT OJ OBME MOJATONU. KakKo W Ja € MOCTOjaT M MEeTOOU Ha CTATUCTUYIKO
3aRJIydyBame KOU IMPETCTaByBaaT KOMOWHAINMja HA OBUE ABA IPUCTAIA.

Bo TeopujaTa Ha CTATUCTUYKOTO 3aKIyUyBaH€ C€ KOHCTPYUPAAT MaTeMaTUIKA
MOJEeJIV KOU OBO3MOKYBAaT €r3aKTHO Je(pUHUpame Ha IPOOIeMOT, IOTOa CO MaTEM-
ATUYKA METOIU Ce IPUCTAIlyBa KOH pellaBame Ha IPOOJIEMOT U HeaTa € Oa M0-
OueHUTEe Pe3yJTATU Ce IMPUMEHAT BO IPAKCA M BO APYTUTE HAYYHU AUCIUIIIVHMA.
Ommra mpeTrnocTtaBka NpuU m3rpandaTa HA TEOPUCKUATE MOIEIU € AeKa HU3ATa
CTATUCTUYKU MOJNATOUU X1, L3, ..., T, € HEKOja BPEIHOCT HA ONAPENEH CIYYaEH BEK-
Top X = (X1, Xy, ..., X,). IIpernocraByBame yimre meka pacupenenbara Ha BepO-
JATHOCT Ha CIIYUYajHMOT BEKTOP X € Hemo3HaTa, HO Ipulara Ha HeKoja (amMuiuja
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P on momycTJIMBUM pAcIpenesiOn Ha BepOojaTHOCT 3a ciydajHror BekTop X. To-
rami, TpocTopoT ) OO cuTe MOKHU UCXOAW HA EKCIEePUMEHTOT, o-ajarebpara F on
nonMoskecTBa on () u pammnujaTta P o OOIMyCTAUBUA pacupeneyidm Ha BEPOjaTHOCT
(BepojaTHOCHU Mepm) ja popMmupaar Tpojrara (2, F,P) Koja ce HApEKyBa CTaTUC-
TUYKM MOJeJI 33 pa3riiefyBaHMOT ekcuepuMeHT. lloHekoramr, TepMHUHOT cTaTUC-
TUYKU MOJEJI Ceé ONHECYBa M Ha caMmara ¢paMuianja P on JOmyCTIUBU paclupeneadun
Ha BEPOjaTHOCT.

3a mepuHUpAmETO Ha (paMuiarjata P He MOCTOjaT MPENU3HU KPUTEPUYMU, Ha-
juecTo ce u3BeqyBa Bp3 6a3a HA UCKYCTBO U MHTyUIja. AKO ce 3eMe mpeTecHa ¢a-
MUJIVja Ha JOIMYCTIUBU pACIpeneady Ha BEPOjATHOCT, IOCTON MOKHOCT 18 BUCTUH-
CKaTa pacupenenda Ha BEPOjaTHOCT OCTAHE HAJABOP O Taa (aMuiamja, HaIBOP O
MomesoT. Ako 3a P ce 3eMe mpemmpoKa KJaca, TOTAIl MPAKTUYHO HUIITO HEMa
oa MOYKe Ma Ce 3aKJIydd 3a BUCTUHCKATA pachpeneidba Bp3 OCHOBA HA JNaTEHUTE
IO TATOIIN.

Axo pamunujata P on HOMyCTIAWBU pacupeneadu HA BEPOJATHOCT MOKE Oa Ce
omuIe Mpeky kKoHeden 6poj Ha mapamerpu 0 = (64, ...,0,), Toram cramysa 360p 3a
mapaMeTapCcKU MOIEJI Ha CTATUCTUYKO 3aKJIydyBame. 1Ooraii, MOKe 1a 3aluIeMe
eKa

X = (X1, Xo,..,.X,) ~ Fy, 0 €O,

kane Fy e dynkumjara Ha pacupenenda Ha X m © € MHOKECTBOTO OJ CUTE MOKHU
BPEIHOCTHU 3a mapaMeTapoT ¢, mo3HaTo KakKO MPOCTOp Ha mapamerpu. Momenure
IMaK YUy pacupenesion He MOKAT Aa Ce ONMUINAT IIPEKYy KOHeUeH Opoj Ha mapaMeTpu
WM HAYUHOT Ha M3pa3yBame He € eIHOCTAaBEH Ce HapeKyBaaT HemapaMeTapCKU
MO IEJIN.

MHoTry 4vecTo ce MpeTnoCcTaByBa JAeKa CIIyYajHUTE MPOMeHAuBU X1, Xo, ..., X, C€
HE3aBUCHU U €THAKBO PACIpeNesieHd CO 3aeTHUYKA pacupenenda Ha BEPOjaTHOCT
P, omHOCHO ce TpeTomocTaByBa MeKa IOAATONUTE Ti,Xs,...,T, CE€ MODMEHU KaKO
pe3yaTaT Ha N He3aBUCHU MEPema MOMJI0KEHU Ha €IHA UCTa CTATUCTUYKA 3aKOHU-
toct. Toram, ¢ammnaujara P on DONyCTIWBU pACHpPeneaON HA BEPOJATHOCT Ce
CTECHYBa Ha CUTE MOKHU €IHOIVMMEH3MOHAJHU pacupeneadu Ha BEpOjaTHOCT.

IIpumep 3.1. (Bunomen monesr) Hecumerpruna monera ce ¢pisa n matu. AkO
co 1 o3HauyBaMe mojaBa Ha 'mucMo’, a co 0 mojaBa Ha "rpb”, TOram TpPOCTOPOT
OJl CUTE MOYKHU MCXOOU OXl OBOj €KCIIPUMEHT €

Q={(z1,29,....;2p) x; =0mmaz; =1, i = 1,2,...,n}.

damunmjara on KOIMyCTIUBU pacupenendbu Ha BepojaTHocT € P ={Fp:0 <0 <1},
KaJe BepojaTHocra Py e mamena co

Pg(%) — 9$1+$2+...+$n<1 _ 9>n7(x1+x2+...+xn)7 T = (xh To, ..., xn) c Q’
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Kaze ) e Hemo3HaTaTa BEPOjaTHOCT 3a IIOjaBYyBame HA ~'NUCMO’ IPU €IHO (piiame
Ha MoHerata. IIpocropor ma mapamerpu e {f : 0 < 6 < 1}. OBoj crarucTUUKU
MOJIeJI € TTO3HAT Kako DBWHOMEH Momedt.

IIpumep 3.2. (IToaconoB mozmesn) Aro tpeba ma ce onuiie ciydajHa IIPOMEH-
JUBa KOja NMpeTcTaByBa OpOj Ha peaju3mMpaHd HACTAHU BO (UKCUPAH BPEMEHCKU
MHTEPBaJ, KaKO Ha IpuMep, OpOjoT Ha Tesle()OHCKU pPas3roBOPHU, MM OPOJjOT Ha
coobpakajHu HE3roaAuW, Wau OPOjOT HA MOCETUTENUW HA €IeH MapKeT, Cé KOPUCTU
[ToaconoBror Mozen onpenernen co MHokecTBOTO 2 = {0,1,2,...} 1 pamunujara ox
IOy CTIUBU pacupenendu wa sepojarHoct P = {Py : A > 0}, kamge BepojaTHOCTa,

P, e mamena co
xX

A
P\(z) = ge*A, r=0,1,2, ..

ITpocropor ma mapamerpu e {A: A\ > 0}.

IIpumep 3.3. (I'aycoB (Hopmasien) Momesn) AkO IpU Mepeme Ha HeKOja (PU3UUKa,
BeJIMUYMHA CO HEMO3HATa BPEIHOCT M, alapaToT 3a Mepeme He NMPaBU CUCTEMCKA
rpemrka, TYKYy Ha Pe3yJTaToT Ha MePEHeTO BIMjaaT roJieM Opoj Ha CIydajHUu (ak-
TOpU, CO HE3HAUUTEJHO [MOEIVHEYHO BJIMjaHWE, TOTAII PEe3yJTATOT HA MEPEHETO
ce onumyBa co ['aycos (Hopmasien) monen. Toram, mosxke na ce 3eme ) =R (cure
MOKHU PEe3yJITATU O] MePEmAaTa), a 3a (paMuiarjara ol CUTEe JOMyCTIUBU PAcCIpe-
nendu Ha BEPOJaTHOCT Ja Ce 3eMe

P={Ppy:—00<m<oo, <o’ < +oo},

Kaze BepojaTHOCTa P, ,2 € majeHa co

1 (z—m)?
P,or)=———e 22 , xR
(7)) = Z—s
[TpoctopoT Ha mapamerpu e {(m,0?) : —oo < m < 0o, 0 < 0? < +00}. IIOKOJIKY

NpeTHoCTaBUME JeKa AUCIep3ujaTa o e MO3HATa W U3HECYBa Oj, TOTAIl (aMUIU-
jaTta on cuUTe OOMYCTJUWBU pacupeneadbu Ha BEPOjaTHOCT €

P ={P,q2:—00<m< oo},
NOMEKa TPOCTOPOT Ha mapamerpu e {m : —oo < m < 0o}.

IIpumep 3.4. Heka X, Xs, ..., X,, ce He3aBUCHU U €IHAKBO PACIpEACTHEU CIYYa-
jHU IPDOMEHJIMBU CO HeNpeKuHara (YHKIUja Ha pacupenenda [’ koja e Hemo3HaTa.
[IpocTopor Ha mapamMeTrpu 3a OBOj MOMAEJ C€ COCTOU O CUTE MOYKHU HEIPEKU-
HaTu pacupenendbu. UV Ounejku oBme pacmpenesndbu HEMOKE na Ce WHIEKCUPAAT
CO KOEYHOIVMMEH3UOHAJIEH MapaMerap, 3aToa OBOj MOMEJ Ce CMeTa 3a HelapaM-
€TapCKU MOJIEJI.
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Wcro Taka Moske ma mpermocraBuMe neka F'(r) mma rycruHa Ha pacrupenenda
p(r — 0) kame 0 e Hemo3HAT mapameTap U p € HENO3HATA TI'YCTUHA HA PACIpe-
nmenba Koja ro 3amososyBa yciaoBoT p(x) = p(—x). Toram, oBoj mMomesn e mcTO
Taka HemapaMeTapCKd, HO 3aBMCH Ol PEaJIHO BPEIHOCEH mapamerap f. 3aroa, TOj
MOKe JIa Ce CMeTa 3a MOJIyIapaMeTAPCKU MO IEJL.

OcHoBHEI TPOOIEMU HA CTATUCTUYKOTO 3aKJIYUYBamhE Ce OIEHYyBambeTo Ha MapaMeTpu,

OMHOCHO HAOTame HAa HYMEPUUYKA BPEAHOCTU CO KOU C€ AlPOKCUMUPAAT HEMO3-
HATUTE MapaMeTpy Ha IPETIOCTaBeHATa pacupeneidba Ha BEPOJATHOCT U OAPEIy-
Barmbe Ha TOYHOCT HA Taa AlpPOKCUMAaIlAja, U TECTUPAHETO HA XUMOTE3U, OTHOCHO
neprHUpame Ha IMOCTAlKU 3a JOHECYBame Ha OMJIYKM 3a Ipudarkame, OTHOCHO
oTdprame Ha OJHAIPEN IIOCTABEHATA XWIOTE3a 3a HENO3HATUTE IapaMeTpU WUIn
pacupenenbara Ha BEPOjaTHOCT.

IIpumep 3.5. Ila mpernmocTraBuMe IeKa HEKOja (UM3WUYKA BeJIUYWHA M ja MepUMe
n MaTU ¥ HEKa Pe3yJaTaToT HAa TUe Mepema ce MeryceOHO He3aBUCHU CIIYYajHU
npomennuBu Xi, Xo, ..., X;,, cO ucra pacupenenbdba Koja mpumnara Ha (GaMuiImjara mo-
nyctauBu pacupenendu P nanena Bo [Ipumep 3.3. CormacHo 3aKOHOT HA TOJIEMUTE
OpoeBu mMaMe OeKa

;<1 ;<2 voe ;<n C.C.
8
n

m.

Axo 11,79, ..., T, CE KOHKDETHUTE BPEIHOCTU TOOMEHU NIPU N-Te HE3aBUCHU Mepena,
TOTaIl TPUPOIHO Ce HAMETHYBa Ha IPU TOJEMHU BPEIHOCTU HA N apUTMETHUKATA,
cpemuHa my = HEEZLetIn ce cmeTa 3a HOOpa AIPOKCHMANUja HA HEMO3HATHOT
napaMmerap m. OBaa aImpokcUMaIHja ce CMeTa 3a OINeHKa Ha IIapaMeTapoT M.
IToraTaMy MO®¥e Ja ce IPUMEHAT pa3HU KPUTEPUYMU 3a IPOINEHKA KOJKY € Zo0pa

OBaa OII€HEKa.

IIpumep 3.6. O HEKOU aTPUOPHU MPUUMHE, TPETIOCTAByBaMe IeKa BPeIHOCTA HA
HenozuaTuoT napamerap 6 = 6y ox Ipumep 3.1, rane 6y € [0,1] e nanen 6poj. Co
IOMOINI H& peJlaTUBHATA YEeCTOTa -, Kaje m € OpPOJOoT Ha mojaByBama Ha ~IHUCMO”
IpU N-Te HEe3aBUCHU (piama T.e. M = T + T2 + ... + T,, Tpeba na ce omrydmme
manm ke ja mpuparume xunoreszara = 0y uam ke ja orppamme. DBumejiu mpwm
roJieMu BPEIHOCTUM Ha N pejaTUBHATa 4YecToTa - e OJMCKa 10 BepojaTHOCTa 0,
nobuBaMe eIneH KPUTEPUYyM 3a MpOBepKa Ha xumoresara f = 0y koj ce Oaszupa Ha
OIlEHKA HAa PAaCTOjaHUETO Ha PeJaTUBHATA YECTOTa OJ BUCTUHCKATA BPEAHOCT HA
BEpPOjaTHOCTA T.€. \% — 0|. Axo oBa pacrojaHue e rojemMo, TOraul XUIOoTe3ara ja

oT¢pilamMe, aKO € MaJIo ja mpudarame.
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3.2 Ilomymnamuja, obesieskje M IPUMEPOK

IloKOJIKY TIpU M3BEAyBaH-€ HA HEKOj €KCIIEPUMEHT CEKO]j €JIEMEHT O OJPeIeHO MHO-
’KeCTBO ro m3bupame Ha CIydaeH HAUWH, TOTAIl TOA MHOKECTO MOXKE ma ce chaTu
KAKO MHO;KECTBO OJ[ CUTE MOYKHU MCXOIM Ha €KCIIEPUMEHTOT, Ce O3HauyBa co ) u
ce HapekyBa momyianmja. llomynanuja (nau menana momynanmja) ce meduHUpPA
VIITE W KAKO IEJOKYITHOCTa O € THOPOIHU €JIEMEHTH KOU Ce MIPEeAMET Ha UCTPaKY-
Bam€e U 3a KOU MOTPeOpo € na ce HabaBu onpeneHa nHpopmanuja. HabmynyBanara
3aeqHNYKA KapaKTepPUCTUKA 34 €JIeMEHTUTE OJ MOMyJanujara Koja € MpeaMer Ha
NCTpasKyBalmhe Ce HapeKyBa obeJtieskje, ce o3HauyBa co X U Ce CMeTa 3a CJIydajHa
IPOMEHJUBA YKja paciienesiba HA BEPOjaTHOCT € HEelo3HATa.

IIpumep 3.7. a) Ce cuopoBenyBa UCIUTYBame 3a KBAJUTETOT HA NMPOU3BOIECHUTE
cujanuny Bo enHa gpadpuka. CeBKyIHOCTa HA CUTE IPOM3BENEHU CUjanIy BO Gabd-
pUEaTa ja mpeTcTaByBa IOMyJalujara, Doaeka obese:kje Moxke ma oume ~ mOJLKU-
HATa Ha KUBOTOT HAa CHUjaJUIaTa BO UACOBMU.

6) AKoO ce U3BeyBa UCIUTYBAKE 38 YCIEXOT [I0 MATEMaTUKA BO €[HO yYNIINIITE,
MOMyJIAIAjaTa ja MPETCTaByBaaT yUYEHUIUTE BO YUYUIUIITETO, MOAEKA obesesxje
MOsKe ma Oumae HMBHATA OIEHKA MO0 MAaTeMATUKAa Ha 3BPIIHUOT WCIUT.

B) Ilpu umcrpaxkyBame 3a KIMMATCKUTE yCJIOBU BO €IHA 3€Mja, CUTE KaJICH-
OapCKy TOOWHU ja COUYMHYBaaT IOIMyJallijaTa, MOoMeKa obelsiekje Mo:ke ma Oumart
BKYIHATE BPHEKU HA €IUHUIA MOBPIIMHA BO TEKOT Ha €IHA T'OAWHA BO 3eMjaTa.

Hera excmepumenTor ce coctom BO m3bOp HA eJdeMeHT on momyiaanujara () u
3abesie;kyBame Ha BpenHocTa Ha obeseskero X KOja oaroBapa Ha M30PaHUOT eJI-
emeHnT. Pe3yarar om OBOj eKCIepUMEHT e ciydajHa mpomenauBa X. AKO ekcie-
PUMEHTOT Ce NMOBTOPU N TIATH, KAKO Pe3yJTaT ce MoOuBa MOApeneHa N-TOPKa Ol
CIyJajHU MPOMEHJUBU, OJHOCHO ciayuaeH BekTop (X7, Xs, ..., X,,) KOj ce HApEKyBa
CJIyuyaeH IPUMEPOK. BpojoT n ce HapeKkyBa roieMUHA HA IIPUMEPOKOT 1T 00eM
HA NPUMEPOKOT. AKO ciyuajuure npomenauBu Xi, Xo, ..., X,, C€ HE3aBUCHU U €]I-
HAKBO PAaCIpeesieHn CO pacupenenda eqHakBa Ha obererxkjeTo X, Torail CTaHyBa
300D 32 IIPOCT CJIyYyaeH NPUMEPOK, KOj YEeCTO Ce HaPEKyBa CaMO IIPUMEPOK.

[IpumepokoT Tpeba ma Oume penpe3eHTATHUBEH T.€. HA NMPABUJIEH HAUMH A2 ja
IpeTCTaByBa IeJjiaTa momyaanuja. Penpe3eHTaTUBHOCTA MOXKE & Ce MOCTUTHE aKO
CEKOj eJIEMEHT OJ MOIyJaluijaTa UMa e€JHAKBU IMaHCU na Oume m3bpaH, u u300poOT
Ha CEKOj eJeMeHT na Oume ciiydaeH u He3aBuceH. llocTojaTr moBeke meTomnm,
HaUUHU 3a u3bupame Ha penpe3eHTATUBEH MPUMEPOK.

Axko 3a nmpumepokor (X1, X, ..., X,,) ru 3abenesxume BpeIHOCTUTE HA HADJLYBaH-
oto obenexxje X 3a cekoja Ol KOMIIOHEHTUTE HA MPUMEPOKOT, MTOOMBaMe peaivi-
3anuja Ha MPUMEPOKOT (T, T, ..., T,) KOja oAroBapa Ha obesexjero X, Kaue x; e
BpEIHOCTA Ha CIydajHaTa nNpoMeHauBa X;, ¢ = 1,2,...,n. YecTo peanuzamnujara HaA
IPUMEPOKOT C€ HAPEKyBa MPUMEPOK.
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3.3 Emnupucka ¢gyHKIUja Ha pacnpeneida

OcHoBen mpobieM IpU CTATUCTUYKATE UCTPaKYBama € OApenyBame Ha pacipe-
nenbarta Ha obenexjero X Bp3 OCHOBa Ha MaleH MpUMEPOK. Bo MaremaTrmukara
CTATUCTUKA IIOCTOU TeopeMa (MO3HATA KAKO IEeHTPATHA TeOpeMa Ha MATEeMATUIKATA
CTATUCTUKA) KOja HaBa MOTBPIEH OArOBOP HA IPAIIAHETO TAJU IIPOCTUOT CIIYYACH
IPUMEPOK MOKe Ia Iale KOMIUIeTHa MH(pOopMaIja 3a pacupeneindaTta Ha 00eIex-
jero X. Ilpm Toa, TOuHOTO OmpenyBame Ha pacupenendbara Ha obenexjero X
Oapa rojzeMmHATa N HA TPUMEPOKOT HEOIDAHUUYEHO Ha pacTe. bumaejku BO mpakca
MOKe na ce paboTy caMoO CO KOHEUYHa IOJIEMUHA Ha MPUMEPOKOT, pacupemesidara
Ha obenexjero X MO:Ke Ia Ce OApenyd caMO MPUOJIMKHO, WM KOJIKY € M IIOr0JIeMO
TOJIKY € alpOKCHUMalurjaTa MOTOUHA.

HauunoT Ha KOj MpUMEpPOKOT ja onpemyBa pacunpeneiabara Ha obeaesxjeTo X e
naeH IpEKy HeroBaTra eMIUpPUCKa (YHKIUja Ha pacupeneiada.

Hedbuannuja 3.1. Heka (X, Xy, ..., X,,) e npumepok koj oarosapa na obGeiexje co
¢yuruumja Ha pacupenenba F(x). $ymrumjara F, : R — x, Kame X € MHOKECTBOTO
Ol CIy4YajHN IPOMEHJINBU NePUHUDPAHA CO

F(z) = % Z I{X; <z},

kane [{-} e mHAMKATOp Ha HACTaH, Ce HAPDEKyBa €MIMPUCKA (YyHKOHja HA pac-
npenenda Ha npuMepokor (Xi, Xo, ..., Xp,).

Bunején cymara Ha N HE3aBUCHU U €JHAKBO PACIPENCJCHN CIydajHU MPOMEH-
aBu co Bepmynuesn 0,1 pacupenenbu co mapamerap p, 0 < p < 1 mma B(n,p)
pacupenenba, 3akiydyBaMe Ieka ciydajHaTa npomennusa nk,(z) nma B(n,p) pac-
npenenba xkane p = P{X; <z} = F(z). On Tyra crenyBa neka pacupenenbara Ha
BEPOjaTHOCT Ha eMIUpUCKaTa QYHKIMUja Ha pacupenenda e

P{F,(x) = %} - (Z) FE(2)(1 — F(z))" ™, k=0,1,...n.

Heka (21,2, ..., x,) € peanuzanuja ua npuMeporot (X, Xo, ..., X,,). 'u moapeny-
BaMe OpoeBuTE Ty, X3, ..., T, BO PACTEUYKN penociien, u nobreHaTa HU3a ja O3HAUY-
BaMe €O (1) < T2y < ... < I(,). Toram, peajm3anuja Ha eMOUPUCKaTa QyHKIUja
Ha pacnpeznenba nHa npuMepokor (X7, X, ..., X)) Koja oarosapa Ha peajm3anujara,
Ha IPUMEPOKOT (T1, T3, ...,T,) € AameHa CO

0 ;<
F.(x) = % Ty < T < Xgpr), k=1,2,...,n—1
1 y T > L)
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Ce cormenyBa neka peajm3alyjarTa Ha eMINPUCKaTa (YHKOMja Ha paclIpeneida
ce TOKJIONyBa cO (PYHKOMjaTa Ha KyMYJAaTUBHUTE DEJIATHWBHU YECTOTH HA CTATUC-
TUYKUTE HOAATOLU L1, T3, ..., Tp.

3HaUeHmeTO HA eMNUpUCKaTa (yHKNUja Ha pacupenenba F, ce cocrom BO Toa
IITO 3a IOJIEMU BPENHOCTU HA N Taa IMPeTCTaByBa mobOpa ampokcuManuja Ha (yH-
KIjaTra Ha pacmnpenenda F' Ha obenexjero X, mTO € MOKAKAHO CO CIECIHUTE IBE
TBpOEHA.

Teopema 3.1. Hexa F e ¢dynxyujama na pacnpedeaba wa obeaexncjemo X u F, e
emnupuckama gyrkyuja na pacnpedesba wa npumepoxom (X, Xo, ..., X,,) xoj odeosapa
na obenencjemo X. Tozaw, 3a cexoj peasen 6poj T eaxnci

P{nhﬁlrgO F.(x)=F(x)} =1.

Ilora3s. Herka = € R e mpousBousen peaisen 6poj. lepurmpame ciydajHI IPOMEH-
muBu Y; = [{X; <z}, i=1,2,...,n, KOU Cce HE3ABUCHU U €HAKBO pacupenesenu (01
Xi, ..., X,, HE3ABUCHU U €qHAKBO PACIPEIEJIEHN) CO KOHEUHU MaTEMATUYKU OYEKY-
Bama F(Y;) = P{X; <z} = F(x) < +oo. Cuemu neka 3a Husara {Y;} BaKu CUIHAOT
3aKOH Ha rojieMute GpoeBwH, T.e.

Ly v LS b - o,
=1 =1

U UMajKM ja BO IpenBUA AePUHUIMjaTa Ha eMINUpPUCKATa (QYHKIMja Ha paclpe-
nenba Ha mpoMepokot (X1, Xa, ..., X,), Fp(z) =130 H{X; <z} =1%" Y, ciemn
TBpaeweTo Ha Teopemara T.e. P{lim, .. F,(z) = F(z)} = 1. n

Teopema 3.2. (Ilenrpasna TeopemMa Ha MareMaTUUKATa CTATUCTUKA Ha I'mun-
BeHKO - Kanremu) Hexa F' e gynrkyujama na pacnpedeaba na obeaenciemo X u F,, e
emnupuckama gyrkyuja na pacnpedesba wa npumepoxom (X, Xo, ..., X,,) xoj odeosapa
na obenencjemo X. Tozaw, saxncu
P{lim sup |F,(z) — F(z)] =0} = 1.

Jlorka3s. Hexa I’ e Henpexkunata ¢yHEIUja Ha pacupenenda. Heka € > 0. Toram,
nocrom m € N Taka mro % <e. Hegka —c0o =ty < t1 < ... < tp—1 < t,, = +00 ce
takBu ma F(t;) = £,k =0,1,2,..,m (mocrojar saroa mro F(z) e meomarauka).
Toram, 3a x € (tg, ty+1] Baskn

Fo(x) = F(2) < Folterr) — F(tk) < Fo(then) — Ften) +¢, (3.1)

Fo(z) — F(2) > Fu(ty) — Ftysr) > Fo(ty) — Fty) — e, (3.2)
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saToa mTo F(t)y) =5 = £ 4 L <Py 4e
Hera Ay = {w € Q : lim, o F,,(tx) = F(tx)}, £ = 0,1,2,...m u A = N Ax.
Toram, ox Teopema 3.1 cnemu neka P(Ag) =1, k=0,1,2,...,m, on kane u P(A) =

1. Toram, Yw € A, Ing = no(w), Taka mro Vn > no(w),
|Fou(ty) — F(ty)] < e, k=0,1,2,...,m. (3.3)
Ox (3.1)-(3.3) cnemn meka Yw € A, Ing = no(w), Taka mro Vn > ny(w),

:Svlelg |F(x) — F(x)] < 2e, (3.4)

on Kame mobuBaMe MeKa Ba:Ku TBPAEHETO Ha TeopeMmaTa Kora F e HempeKuHaTa
¢yHKIU]jA.

Heka cera, F' e mpousBosiHa ¢yHKIMja Ha pacupenenba (F e meomarauka u
HenpeknHaTa ox jeBo). Heka ¢ > 0. Toram, mocron m € N u Huza —oo =ty < t; <
ee < tipq < ty, = 400 Taka mMTO

F(tk—H) - F(tk + O) S E. (35)

B.I".O mera {t1,t2,...,t;m_1} TW COOP:KU CUTE TOYKM BO KOu F' mpaBu CKOK HEe mMOMAJI
on £/2. Toram, 3a x € (ty,ty11] Bakn

o

Fo(x) — F(2) < Fu(tiry) — F(ts +0) < Fo(tes1) — Ftesr) +é, (3.
(3

)

Fn(l‘) - F(l’) 2 Fn(tk + O) — F(tk+1) 2 Fn(tk + O) - F(tk + 0) — €. )

Heka Ap = {w € Q : lim, oo F(tx +0) = F(tx, +0)}, By = {w € Q : lim,,_,, F,,(tx) =

F(ty)}, K =0,1,2,...,mu A = N AxBr. On Teopema 3.1 cirenn merxa P(Ay) =

P(By)=1,k=0,1,2,....,m, on xane u P(A) = 1. 3uaun, Yw € A, In; = n;(w), Taka
mro Vn > ny(w),

Fo(te +0) — F(ty +0) > —¢, k=0,1,2,....m, (3.8)

Fn(tk) - F(tk) < g, k= 0, 1, 2, ., . (39)

On (3.5)-(3.9) camenn (3.4), on Kame ce nOOMBA IEKa BAYKU TBPEAEHETO HA TeOpe-
MaTa u kora F e mpom3BosHA QYHKIMja HA pacupenenda. "

3.4 CraTucTuru

Pemasamero Ha mpobeMOT Ha Haorame Ha HEIO3HATATA pacipeneiida Ha 00esexk-
jero X, mompa3bupa m ogpemayBame Ha HEKOM KapaKTepPUCTUKU Ha obesesxjero. 3a
Taa meJl Ce CIAYRUME CO CIYyYajHU TIPOMEHJIMBU KOU Ce (DYHKIUU O MPUMEPOKOT.
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Hedumannmja 3.2. Hera (X, Xy, ..., X,,) e npumepok koj oaroBapa Ha obenexje X
co ¢ymrmuja Ha pacupenenba F(z) u meka f : R — R, e Bopenosa ¢yurnuja.
Toram, cayuajuara npomenausa f(Xi, Xy, ..., X,) ce HApEKBa CTATHCTUKA.

IIpumep 3.8. Heka (X, X, ..., X)) e npumepok koj oarosapa ua obenexje X co
Gyurmuja Ha pacupenenda F(x).

n
E X, ce HapekyBa cpeouHAa HAa IMIPUMEPOKOT.
i=1

1

a) Crarucrurara X, = —
n

—9 1 n — 1 - -2
0) Crarucrurara S, = — X,—X,)? == X2—X_ ce HaperyBa muICIep3uja
) "= ;( )= ; 7 =X, ce mapekyBa mucnep3m]
1 ¢ - no—
HA TIPUMEPOKOT, MoJeKa S- = Z(XZ —X,)? = Si e Mo3HaTa KaKO
n—1 n—1

i=1
KoperupaHa Oucliep3uja HAa IPUMEPOKOT.

n

1

— E XZ-]’C ce HapeKyBa k-TM MOMEHT HA IPUMEPOKOT,
n

=1

B) Crarucrukara Z,; =

1 n
nonexa M, = _Z<Xi — X,)" ce mapekyBa k-TM TEHTpaJieH MOMEHT Ha
n

i=1
-2

npumepokor. JlecHo ce BoouyBa neka 2,1 = X, u M,2 =5,

r) 3a npumeporor (X, Xs,...,X,) ja dopumupame cOoIBETHATA BapUjanyiOHA
Hm3a X() < X < ... < X(;) 3a KOja BaKM JIEKa 3a CEKOja peaJn3aluja
(1,9, ..., v,) HA mpuMeporoT (X1, X, ..., X,,) numame

Xy =21), X@2) = @) X(n) = L),

Kanme r() < r@) < ... < I, € peajmsanujara (21,23, ..., T,) TMOApPENEHA TO
rojieMuHa. loraim, CEKOj €JeMEHT ol BapujamuoHaTa Hu3a X() < X <
... £ X(») ce HapeKyBa mompeneHa cratuctuka. Hajmamnara m majronemara
IoApeeHa CTATUCTUKA MOXKe Ja Cce M3pa3aT KaKO (YHKIUM O IPUMEPOKOT
Ha CJIEIHUOT HAYWH

X(l) = IIliIl{)(l,AXVQ7 ...,Xn}, X(n) = Inax{)(17 )(27 7Xn}

IIpumep 3.9. Kora pasrimenysame asoauMensumonasno obenesxje (X,Y), co menos-
Hatu pacnpenendu Fy um Fy 3a cekoe on obese:xjara X m Y COOABETHO, TOTAII
UCIMTYBAKATa I'M BPIIMME CO IMOMOII Ha JABOAMMEH3UOHAJIEH IPUMEPOK

(X17 1/’1)7 <X27 }/2)7 ceey (Xn7 Yn)
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[Ipumep 3a cratucTuka (QyHKIUja OX ABOANMEH3NOHAJIHUOT IPUMEPOK) €

s XY = X, Y,
Rxy = — ;

SXn SYn

Kane
n

—2 1 — _9 1 _
SXn:EZ(XZ_Xn)27 SYn:_Z(Y;_Yﬂ)2>
i=1 i=1

U ce HapeKyBa Koe(UIMEeHT Ha KopeJjamnuja Ha IPUMEPOKOT.

3.5 KRapakrepmcTuKy HA HEKOU CTATUCTUKU

Bunején crarucTukmuTe ce KOPUCTAT MPU CTATUCTUUKOTO 3aKJIYUyBame, MOTPeOHO
e Mna ce 3HAAT HUBHUTE OPOjHU KAPAKTEPUCTUKU, TOYHUTE PACIpenesiou Kora n
€ KOHeYHO (3a MPUMEPOK CO Maj 00eM WM MaJl MPUMEPOK) U aCUMITOTCKOTO
ONHECYBam€e Ha pacupenendumre nmpu n — o0 (3a DPUMEPOK CO rojieM obeM nin
roJieM IMPUMEPOK).

Herka X e obenexje co memosnara ¢(yHknuja Ha pacupenenda F. [la ru o3-
HaunMe OpOjHUTE KapaKTePUCTUKU Ha obesexxjeto X co

EX =m, DX = 0% EXF =my, E(X —m)* = .

Ila 3abenexuMe mexa mi; = m, p; = 0 u s = o2. Hera cera (X1, Xoy .oy X))

e IPUMEPOK KOj onroBapa Ha obesesxjero X. Toram Basky CI€THOTO CBOjCTBO 3a
OpOjHUTE KAPAKTEePUCTUKYN HA HEKOW CTATUCTUKYU M3PA3€HU IPEKY OPOjHUTE KapaK-
TEPUCTUKN Ha obeiesxjeTo X.

CsojcrBo 3.1. Hexra (X1, X, ..., X)) e npumepox xoj odzoeapa wa obeaexncjemo X co
EX =m, DX = 0% EX*=my, E(X —m)* = . Tozaw,
2

a) E(X,) =m, D(X,) =<

n’

6) E(S,) =102, D(S,)

n—1)2
S (u4 3u§),
8) E(Zn,k) = My, D(ka) = %(mgk — mz)

Toras. ) (%) = B2 X) = 430 F(X) -
D(Xn) :D(%Z?:IX) =5z Zz D ) nUQ

(X
6) Hajmanpen, F(X?) = DX, + (EX) = o +m?.
3

nm

I
E

1.
n
g

[V

n "

EGS)=ELYr X2 -X,)=1y" B(X?) - E(X,) =
L3 (02 +m?) — (D(X,) + (BE(X,))%) = (6% +m?) — (& + m?) = =12,

n

N
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B) E(Zyy) = E(; 20, XF) = 3 200, B(XF) = 5 370, my, = my,
= Z?:l sz) = n_12 Z?:l D( k) = n: ( sz (Esz)2) =
# Z?:l(ka - (mk)Z) = %(m% - (mk)Q)- n

1
nZ

3
N
&
S
S=

Hopmasmmara pacnpenenba mMa BaskHa yJaora IIpU MPOyYyBame Ha CIIydajHUTE
ojaBMW. 3aToa, BayKHO € Ia Ce 3HAAT TOUYHUTE Paclpenesion Ha HEKOU CTATUCTUKH,
Mery KO M OCHOBHUTE cTaTucCTuku X, m S , BO ciayuaj Kora obeie:xjero X mma

HOpMaJIHA pacupemeada.

n?’

Teopema 3.3. Hexa (X1, Xo, ..., X)) e npumepox xoj odzosapa na obeaencjemo X xoe
uma N (m,c?) pacnpedenba. Tozaw,

a) Cayuajnama npomenausa 7 uma N (m, "—2) pacnpedeaba, WMo 3Hau 0exa cay-

YajHamae nNPoMeHAUBaq X" n uma N(0,1) pacnpedeaba,

=2
. S
6) Cayuajnama npomenauea “3 uma X2_, pacnpedenba,

, - =2
8) Cayuajnume npomenausu X, u S, ce HE308UCHU.

Ioka3. a) Cuyuajuure nmpomennauBu X;, ¢ = 1,2,...,n ce HE3aBUCHU U €IHAKBO
pacnpegenenu T.e. X; ~ N(m,0?%), i = 1,2,....,n, n ako Bo CsojcTBo 1.6 3ememe
a; = ... = a, = 1/n nobusame neka

_ vy N Z 3.10
—5; i (mag)- (- )

[Toroa, cnopen CsojcTBo 1.4 mmame
X, — iy (Xi —m)

= ~ N(0,1).

\/ﬁ \/ﬁ o ( )

-~ 2 P
6) Ilperxonno nokaxasme nexa X, ~ N(m, %), sumu (3.10), u zaToa X=Xz ~

( ) copen Ceojcteo 1.6. Cera, Ounejku Mery ciydajHATE TPOMEHIUBU %,

1,2,...,n mocTon enHa AWMHEapHA BPCKA

ZX X ZX—nX =0,

=1

3akiaIydyBaMe meka (Buau ja 3abememka 1.1)

P () g (3.11)
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B) Hedpunupame Y = (Y1,Y3,...,Y,) co
Vi=Xy—X,, k=1,2,..n—1,Y,=X,.
Toram, nocTou Hecunryiaapua marpuna M Taka mTo
Y = MX,

kane X = (X1, Xy, ..., X,,) € ciiydaeH BEKTOD O] HE3ABUCHU U € THAKBO PACIIPENEJIEHN
CIIyYajHU TPOMEHJIUBU CO HOpMaaHu pacupenenou. Cuemu nexka u Y € ciaydaeH
BEKTOD KOj MMa n- IMMEH3UOHAJHA HOPpMaJIHa pacupeneida.

Cera, 3a k=1,2,...,n — 1 umame

COU(Yk» Yn) = E(YkYn) - E(Yk)E(Yn) = E(YkzXn) - E(Xk - Xn)E(Yn) = E<Yan) =

— B((X— X)X,) = B, - X0 = 30 B - BT -
= %((n —)m? + (e* + m?)) — (%2 +m?) =0,

onm Kane ciaenu neka Y, = X, He 3aBucu on Yy, Ys,...,Y, 1. IloToa,

n n—1 n—1 n—1
—92 — ~
nS, = (X —X,)? =Y Y2+ (X, - X, =D ¥+ (3 Y
k=1 k=1 k=1 k=1

MTO 3HAYM Aeka S, 3aBUCU caMO On Y7, Ys, ... Y, | 3a KOU MPETXOMHO MOKAKABME

n - A _5 .
eka ce He3aBucHU on Y, = X,. 3Haum, X, u S, ce He3aBUCHU CJIy4YajHU IPOMEH-
JWBU, MTO Tpedame na ce TOKaKe. ]

Teopema 3.4. Hexa (X1, X, ..., X)) e npumepox xoj odzosapa na obesexncjemo X xoe
uma N (m,c?) pacnpedenba. Tozaw, cayuajnama npomeniuea

X —
g—mvn -1~ tnfl.

n

Ioka3. Opx Teopema 3.3 B), ciaemm meka ciydajHuTe mpoMmeHauBu X, u S, ce

n n
. On
He3aBUCHU. 'Toram, He3aBUCHUA C€ U CIAydYajHUTE MPOMEHJIUBU ”JiQ )i/\_/?T On
npyra crpasa 3apamu (3.10) u CsojcrBo 1.4 mmame neka
X, —
£ N(0,1). (3.12)

a/v/n
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Cera, ox (3.11) u (3.12), cnopexn CrojcrBo 1.10, nmame nexra

Xn—p —
o/v/n Xn -
R — S En =1~ ty (3.13)
“/(n—1) "
IITO Tpedalle na ce MOKaKe. [

Teopema 3.5. Heka ce dadenu dsa mezasucnu npumepouyu, npsuom (Xi, Xo, ..., X,,)
x0j 00z0eapa na obenenciemo X ~ N(mx,o?) u emopuom (Y1,Ys, ..., Yy) xoj 0dzoeapa
na obeaexnciemo Y ~ N(my,0?). Tozaw,

a) Cayuajrnama npomenaiuea @ uma N(0,1) pacnpedenba,

6) Cayuajrnama npomenaiusa ?k%‘my uma N (0, %) pacnpedenba,
2

= =2
: 5 kS
) Cayuajnume npomenaueu "5 ~ x> | u =2k ~ x|,

2) Cayuajrama npomennusa =2—"% — = gy N(0, 5 + +) pacnpedenba,

0) Cayuwajuama npomenausa %(ngin + k‘gik) uMa X2, .o pacnpedeaba 00 Kade
caedysa dexa

(Yn —mx) - (?k — my)\/ nk (

\/ngin—l—k:gik ntk

Jloka3s. a)-B) cuaemar mupekrtHo ox Teopema 3.3, r) caemu ox Csojcrso 1.6.
n) On B) u CeojcTBO 1.7 ciuemu neka

n _'_ k - 2) [ad tn+k,2.

—=2 —=2
nSxn | kSyy 2 — 2
52 02 X(n=1)+(k-1) = Xnt+k-25

OTOA OJ T') CIeIu JeKa

Yn —mx ?k —my

o o
1 1
\/n+k

n koreuno o Ceojcrso 1.10 (meduHMIMja HA CTYIEHTOBA pacupeneiaba) uMmame

~ N(0,1),

Xn-mx Yp—my

a a
1 1
Vatk

=2 =2
nSxn RSy
2

~ tn+k—27

52
n+k—2

oI Kame cjaeny 0apaHOTO TBPIEHE. [
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Teopema 3.6. Hexa ce dadewu dsa nezasucku npumepoyu, npeuom (X1, Xo, ..., X,,)
x0j 00zosapa na obeaexnciemo X ~ N (mx,o%) u emopuom (Y1,Ys, ..., Y)) x0j 0dzo0eapa
na obeaeanciemo Y ~ N(my,0%). Toeaw, cayuwajnama npomeniusa

n(k —1)02 5%,

k(n—1)0% 5,

~ I'n—1k-1-

=2 =2
Ilokas. Ox Teopema 3.5 B) cremn mexa “2¥n ~ 2 u ¥¥e ~\2 |y on #usraTa
HezasucHoct, cunopexn CsojcrBo 1.11 (mepunurnumja ma PumepoBa pacupenenda)

nMaMe

=2
" f(n — 1)

ESy /(s — 1)
Y

~ L'n-1k-1,

oI Kane ciaenu 6apaHOTO TBPICHE. [

[Tpu ronemu Bpennoctu Ha o6eMor n Ha npumepokor (Xi, Xo, ..., X,,) K0j oxro-
Bapa Ha MPOU3BOJIHO Oobeserkje X CO KOHEUHU MATEMATUUKO OUEKYBAE 1M U IUC-
nep3uja o2, pacupemenbaTa Ha CPeIMHATA HA IPUMEPOKOT X, Ce CTPEMU KOH
pacnpenendaTa Ha CpeIVHATA HA IPUMEPOKOT KOj OAroBapa Ha obeserkje co HOD-
masaa N(m, 0?) pacnpenen6a. Bo npakca mososHo e ma n > 30 na ma ce KOpUCTU
pPe3yaTaTOT OJ CleqHaTa TeopeMa.

Teopema 3.7. Hexa (X, Xs,..., X)) e npumepox xoj odzosapa Ha obenencjemo X co
KoHeunu mamemamunro ouexysawe EX = m < +oo u ducnepsuja DX = 0% < +oo.
Tozaw,

c.c.
X, —= m, n — o0,
VN dist.
(X, —m) — N(0,1), n — oo.

<~ C.C.

Iloka3. IIpBoro TBpmewme, X,, — m, n — 00, cieaum OJ 3aKOHOT Ha TOJIEMUTE
-~ dist,

6poesu. Broporo TBpueme, \/TE(Xn —m) =5 N(0,1), n — oo, cremu ox Ienrpas-

HaTa 'PAaHNYHA TeOpeMa. [
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4

OnenyBame HA MapaMeTpu

4.1 TouxkacTu olleHyBauu

Hera obenexjero X mMa ¢(yHkumja Ha pacnpenenda F' koja mpumnara Ha (aMuIn-
rjaTa NONYyCTIMBY (YHKIUM Ha paclpeneion

P = {F(z,0): 0 € O},

Kaze f e BEBKTOPOT Ol HEMO3HATU MapaMeTpu U © e IPOCTOPOT o1 mapaMeTpu (BUIU
[Tpumep 3.1-3.3). Hera (X, X, ..., X)) e npuMmepok koj oxrosapa Ha obesex]jeTo
X. Enen mauun 3a oleHyBame Ha BPEIHOCTA HA HEMO3HATUOT mapamerap # e co
ITOMOII HA TOYKACTU OIEHYBAUMN.

Jepuaunuja 4.1. Heka h = U(X1,Xs,...,X,) € cTaTUCTUKA KOja KAaKO (yHKIMja
HEe 3aBUCHU OJ] OIEHYBAHUOT MapaMeTap WU APYTY HEMO3HATH HapaMeTpu, TYKY
3aBUCU CAMO OJ CJIYYajHUTE MPOMEHJUBU O MPUMEPOKOT U MO3HATU KOHCTAHTH,
U OpU TOa 3a Cekoja peanusamyja (Ti,Ts,...,T,) Ha npumeporor (Xi, X, ..., X,)
Bazku U(zq, 29, ..., x,) € ©. Toram, Beaume nexa 0 e Touxac OIIEHYBa4Y UJU CaMO
OIlEHYyBau 3a HEMO3HATUOT mapamerap 0.

Ceroja Bpemnoct U(xy,x,...,x,) KOja ce mobuBa 3a KOHKDETHA Deai3alld]ja
(21,22, ...,x,) Ha mpuMepokoT (X7, Xs,...,X,) ce HApeKyBa TOUKACTA OIEHKA NI
caMO OIEHKAa 3a HEMO3HATUOT mapamerap .

IIpumep 4.1. Heka (Xi, Xy, ..., X,) e npumepok koj oarosapa Ha obesnexjero X
koe nma N (m,0?) pacupenen6a. Cratucrurara X, = =5 1" | X, Moke na ce 3eme
3a OIlEHyBad Ha IapaMeTapoT M, HO He MOke Ja Oume ONeHYBad 3a 02 3aToa IITO
IIPOCTOPOT OJ IAPAMETPHU 32 02 Ce COCTOU OJ IO3UTUBHYA OGPOEBU, HOAEKA X, MOMKE
a IPYMMU ¥ HEraTUMBHA BPEAHOCT 3a KOHKPETHA peaJu3alyja Ha OIpUMepoKoT. Ho

3aTO cratucTmrara S. = —= > " (X; — X,)? Moxe ma Oume OoueHyBad 3a 0.
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Enen nauun 3a mobuBame Ha OllEHyBaul € CO MPUHIUIIOT HA 3aMeHAa KOj IpeT-
IOCTaByBa MeKa HEIMO3HATHUOT mapamerap 6 Mo:ke ma ce MpeTrcTraBu BO OOJIUK HA
¢yHEIMOHAN On GyHEKUMjaTa Ha pacupenenba F Ha obemexjero X, T.e. 0 = 0(F).
Ha mpumep, ako MaTeMaTWYKOTO OUeKyBame m = KX e Hemo3HATHMOT mapaMeTap
KO] cakKaMe na IO OIleHMMe, MOKe Oa I'O 3amuireMe Kako (yHKnuoHaa on [’ Ha
CJIeTHVUOT HAYNH -

m(F) :/ xdF(x).
—0o0

Toram, 3aBucHOCTa Ha f on QyHKIUMjaTa Ha pacupenenda F' Hu cyrepupa neka
npobJeMOT Ha Haorame Ha ONeHyBad 3a f Moke na ce CBele Ha Haolame Ha nodap
OILlEHYBayY F ua F u notoa na ce 3aMEeHU OBOj OLEHyBad Ha MeCTOTO OX [’ u Ha TOj
HauuH Ou ce qO0OMII OneHyBad 3a 0, h= O(F ) [MpuaIUOOT Ha 3aMeHa noapa3dupa 3a
onenyBadu Ha F' na ce 3eme eMnupuckarta QyHOuUja Ha pacupeneinda HA IPUMEPOKOT
F, (Bumm Hepunnnuja 3.1), T.e. F= F,.

IIpumep 4.2. Hera (X, X, ..., X,,) e npumepok koj omrosapa Ha obenexjero X
kKoe mMa ¢yHEmMja Ha pacupenenba F. Co DpUHIMIOT HA 3aMeHa OIEHyBad 3a
MATEMATHIKOTO O4eKyBame Ha X, m(F) = [*° xdF(x) e

m:m(ﬁ)z/ zdF (z ZX X,

—00

2
onenysau 3a mucnepsujara Ha X, 0(F) = [7 2?dF(x) — (ffooo xdF(x)) e

2 2/ 7 < oan 2 1 ¢ 22
o =0"(F)= ach(x)—( xdF > E X; (—g XZ-) =9,
oo _ n 4
=1

N morpaj parToT mnexka eMnmprckarTa QyHKINja Ha pacnpeneJIGa Ha IPUMEPOKOT
F,, paMHOMEpPHO KOHBEpPTrUpPa CKOPO CUT'YPHO KOH (yHKIMjaTa Ha pacupenenda [ Ha
ob6enesxjero X (Llenrpanna Teopema Ha MaTeMaTUUKATa CTATUCTKA, Teopema 3.2),
HEe MO:Ke Ja ce Kaske meka F, e mobap onenysadu 3a F'. Ha nmpumep, F,, cexoramr uma
OUCKpeTHa pacrupenenadba M ako BUCTHMHCKaTa pachpenenba Ha [ e HemperuHara,
toram [, HeMa na Mo:xke ma ondaTtum onpenenu ocobmuau Ha F'. Taka, ako cakame na
ja olleHMMe I'yCTMHATa Ha pacupenenabda p Ha obeinexkjero X, Toram ja KOPUCTUME
BpCKaTa Mel'y TUCTUHATa Ha pacupeneinba u GUHKNUjaTa Ha pacupenesnda, T.e.

€T
Fla) = / p(u)du,
— 00
a IPUPOIHO Ce HAMETHYBA Ia OLEHYyBAUYOT P 34 I'yCTUHATA P NJOOMEH CO MPUHIUIOT
Ha 3aMEHa TI'O 38,,I[OBOJI:YBEL paBeHCTBOTO
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~

HO TaKOB OIlEHyBad He IIOCTOM 3aToa mTo F' = F, e ckajecra ¢yHEnuja. Bo TOj
ciydaj ce MpUMeHyBa ~MmOorjaaTok’ ouneHyBad 3a F u 3a HEro ce mpuMEHYBa MPUH-
[UTIOT Ha 3aMEHA.

Wcro Taka Moske 1a ce Ciydyd OIEeHyBavOT NOOMEH CO MPUHIMIOT HA 3aMEHa U BO
caydJaj Kora He ce paboTu 3a HempeKnHaTo obereskje X ma He MOKE EKCIIUIUTHO
na ce mepuHUpa.

IIpumep 4.3. Heka 0(F') 1o 3a00BONyBa pABEHCTBOTO

| stwornare —o
3a Heroja ¢yuruuja ¢(x,u). Toram, onenyBavoT mOOMEH CO TIPUHIMIOT HA 3aMEHA
0 =0(F), kane F = F,, 70 3a10BOJIyBa PaBEHCTBOTO

| stebr)aF@) = 3 glx.8) <o

—00

ITa, Bo 0BOj ciyuaj f He e 3aTOKATEIHO EKCIIUIUTHO Ie(OUHUPAH.

4.1.1 HenpucTtpacHu oneHyBauu

Heka (X1, Xy, ..., X,,) e npumepok koj oarosapa Ha obernesxjero X Koe nMa (QyHKIH]a
Ha pacnpenenba F' koja mpumara Ha (GaMuimjara JOMYyCTJIWBU pacupemnendou P =
{F(x,0) : 0 € ©}. Heka = U(Xy, X, ..., X,,) e onenyBau 3a mapamerapor 6.

Wneanno cakame pacnpenenbaTta HA 0 na Gune KOHIIEHTPUPAaHa BO OKOJIMHA HA
BUCTUHCKATAa BPEIHOCT Ha omeHyBaHuoT mapamerap 6. Ilocrojar HEKOJKY emHOC-
TaBHW MEDKM 3a KBAJWTETOT Ha €lleH OleHyBad OasuMpaHu Ha HEroBaTa pacupe-
nenba. Ilpsara Mepka € IpUCTPACHOCTa Ha , KOja € mOKa3aTeJs NaJu Paclpened-
Oara Ha 0 e menTpupana oxomy 6.

Hedunuaunuja 4.2. IIpucrpacuoct (bias) Ha onenyBador 9 ce neuHIpa KaKo

b(d) = E(6) — 6. (4.1)

o~

3a emen ounenyBau f BenuMe neka e HempucrpaceH (unbiased) miu meHTpupaH,

~ ~

ako b(#) = 0, ogrocuo arko E(f) = 6.

IIpumep 4.4. Hera (X, Xy, ..., X,,) e npuMepok koj oarosapa ua obenexjero X co
EX =mu DX = ¢2. Toram,

a) craructukara X, € HEIPUCTpPAaCeH OleHyBau 3a m 3aroa mro E(X,) = m
(Bmmu CeojcrBo 3.1 a)).
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—2 2 —2
6) crarucTukara S, He € HENPUCTPACEH OIeHyBad 3a o° 3aroa mro E(S)) =

2=1 52 (umm Csojctso 3.1 6)).

=2
B) crarucTHKaTa Sp = -S| e HeIpUCTpPaceH OleHyBad 3a 0° 3aroa mro F(S2) =
—2 =2
n _ n
B 5) = 2 B(S

n—1 n

)=ty e ot =0t

Eman on moronemure mpobieMu MOBP3aHU CO MOMMOT Ha HEIPUCTPACHOCT Ce
TUe IeKa HEeIPUCTPACHUTE oleHyBaun He nocrojar cekoram (I[Ipumep 4.5) n meka
HEIPUCTPACHUTE OLlEHyBayl HE Ce MHBAPWjaHTHU 3a TPAHCHOPMAIUUTE HA HEIO3-
HATUTE ITapaMeTpu, OJHOCHO aKO 0 e HEIIPUCTPACEH OIeHyBau 3a f u g: © — O e
HEKOe MPECIUKYBame O IPOCTOPOT HA IMapaMeTPU BO caMHUOT cebe, Torall OLEeHY-
BauoT ¥ = g(f) moske na He e HenpucTtpacen onenysau 3a  (I[Ipumep 4.6), ocsen
ako g He e auHeapHa ¢yurmuja (Csojcrso 4.1).

ITpumep 4.5. Heka obenesxjero X nma P(f) pacupenenba, oqHOCHO

kane # > 0 e memo3uar mapamerap. Toram, Bp3 OCHOBa Ha IPUMEPOK cO obem 1
HE MOKe na ce mepuHUpa HempucTpacHa onenka 3a ¢ = 1/60. Wwmewno, ma mper-
IIOCTaBUME OeKa CTATUCTUKATA 9 = U(X1) e menpucrtpacua ouenka 3a ). Toram,
3a cekoj 6 > 0 Baxku

1 = ok,
5= BUM) =) Uk)ze™,
k=0
> gk+1 > fk
on kane mobusame meka e’ = ZU(k) o Ho, ox mpyra crpana e/ = ZE’ on
k=0 k=0
> gk+1 > ok
Kale 3aKIydyBaMe IeKa Z U(k)T = 777 [ITO HE € MOZKHO. 3HaUM HE IOCTOU
k=0 i k=0

HEIIPUCTPACEH OICHyBau 3a 0 = 1/6.

IIpumep 4.6. Hera obGenexjero X mma womeunu EX = m u DX = o?. Hexa
(X1, Xs,...,X;,) e mpumepok koj oarosapa ma obeneskjeto X. Ilokamasme meka

E(X,) =mmn D(X,)= % (CrojcrBo 3.1). Ox Tyka ciaenyBa Ieka

2
E(X))=DX,) +EX,)? =2 +m
n

Suaun, X, € HeIPUCTPACEH OIEeHyBaY 3a m, HO X
3a m2.

, HE € HeIpucTpaceM OIEeHyBad
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CsojctBo 4.1. Axo 0 e nenpucmpacen ouenysay 3a 0, mozaw ¥ = al + b e nenpuc-
mpacen oyenysay 3a ) = ah + b, xade a u b ce nozHamu Koncmanmu.

~

Joxka3. On ycinos umame neka E(0) = 6. Ila,
E() = E(ab +b) = aE@) +b=af + b =1,

O Kame cienun meka U e HempucTpaceH OIeHyBay 3a ¢, mTo Tpebare na ce moKasKe. m

Bo cayuaj ma romem mpuMepok (Kora n — 00) mMa CMUCIa ga ce 360pyBa 3a
ACUMIITOTCKYA HEMPUCTPACEH ONEHyBad.

~

Hepununuja 4.3. Axo 3a onenyBauvor 6, Baxun

lim E(6,) =0 (4.2)

n—o0

TOraml BeJIMMe IeKa TO) € aCMMIITOTCKU HEIIPMCTPAacCeH OIleHyBadu.

ITonekoramr, caMuOT OOJUK HA aCUMITOTCKUOT HEIPUCTPACEH OIEHYBad MO3BO-
JIyBa TOj Za MOKE Ma Ce KOpermpa BO HENPUCTPACEH.

IIpumep 4.7. Hera (X, Xo, ..., X,,) e npuMepok kKoj oarosapa ua obenexjero X co
EX =mu DX = o2

—=2
a) Bo Ilpumep 4.4 mokaskaBMe IeKa CTATUCTUKATA S, HE € HEIPUCTPACEH OLEHY-

2
y =2 n—1)o
Bau 3a 02, HO Ounejku E(S)) = (n=1)o” — 0%, Kora n — 00, CIemU IeKa
n

—92 .

S’ e acUMOTOTCKM HENpUCTPaceH oreHysad 3a o>. Herosara kopeknuja mo
—2

HEMPUCTPACHOCT € CTATUCTUKATA S2 = e FO

6) Ako TprueMme o1 HEIPUCTPACHUOT OIECHYBau Sﬁ 3a 02 m cakaMme ma mobueme

OIleHyBa4 3a 0 KOj OU ro 3aap:KaJl CBOjCTBOTO 3a HENPUCTPACHOCT, HEKAKO
HU Ce HAMETHyBa HejaTa NeKa Toa MOKe Ja Ouie oumeHyBadoT S, = 1/S2.
MeryToa, on Teopema 3.3 umame

= T ~ Xn—1>
Ol Kaje cJaemu IeKa

E(S,) = o E(VY) = o V2I(n/2)
Vn—1 Vn—1T((n—-1)/2)
(mokasku!), om Kaze 3akaydyBaMme Heka S, He € HeIPUCTPACEH OleHyBay 3a
o (ymre emeH mpuMep neKa HENPUCTPACHUTE OIEHYBAUM HE C€ WHBADPU)AHTHU
3a TpaHcopMaluuTe Ha Hemo3Harure mapamerpu). Ho, Gupejiu F(S,) —
o, kora n — oo (morasku!), cimemm neka S, € aCHMITOTCKM HENPUCTPACEH
OLIEHYBAY 324 0 U TOj JIECHO MOKE Ia Ce KOPermpa 0 HEMPUCTPACHOCT.

o
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72 4. OnenyBame Ha mapamMeTpu

4.1.2 O1meHyBauu CO MMHUMAJIHA IUCHEP3Uja

[TocrojaTr cayuam Kora Bo moTpara 3a momobap omeHyBadu 3a f Mmoxke ma ombepeme
IPUCTPACEH OUEHYyBad OTKOJIKY HENPUCTPACEH, 3aTO4 IMITO NPBUOT MMAJ IOMAJA
nucnep3uja. EaHu om MepruTe 3a pacejyBame Ha pacupenendara Ha 6 orousy 6 ce
cpennara ancoaytHa rpemka (MAE - mean absolute error) u cpemnara kBamparHa
rpemka (MSE - mean square error), moromau 3a crmopenba Ha Pa3iudyHU ONEHYBaYU
3a 0.

Iedunuunuja 4.4. Cpemna ancosnyrHa rpemka (MAE) na onenysador 0 ce negpu-
HUPa KaKO

MAE(®) = E|§ — 9. (4.3)

Hedunuaunuja 4.5. Cpenua kBanparaa rpemka (MSE) na onenysavot 0 ce nedu-
HUpa KaKo

MSE(#) = E(§ — ). (4.4)

Bunejéu cakame ) na 6une 6au3y mo 6, mpupoaHO € ma mpudaTuMe OIeHyBad
co nmomaJtia Bpenuoctu 3a MAE umu MSE. [Ipu cnopentu Ha pasinyHM OIEHYBAYN
Ha f oOUYHO HOBEKe ce KOPUCTH MSE otronky MAE. OBa ce momxu Ha ciiemgHaTa
nekommnosurnuja na MSE(0),

MSE(®) = E(6%) — 20E(@) + 6* — E()* + E(6)> = D) + (b())*. (4.5)

3a HempUCTpaceH OleHyBad f 3a mapaMeTapoT f uMamMe geKa MSE(@) = D(a)

Uecrto Basku Toa meka pacupenendbaTa Ha €IeH OIEHYBad 0 e TpubIMAKHO HOD-
MaJIHa CO MaTeMaTUYKO ouekyBame  u aucnepsuja o2(0)/n. Bo tue ciayuan, nuc-
mep3ujaTa ce ampoKCuMupa mobOpo co MSE(@) Oumejku KOMIIOHEHTATA Ha JUC-
nep3uja vHa MSE e mHOry morosema OTKOJIKY KOMIOHEHTATa Ha HPUCTPACHOCT (BO
pasencrBoTo (4.5)), ma 3artoa ]\/[SE(Q) D(@). Ho, ucro taka Ba:kHO e ma ce
3abenesxku mexka MSE ma emen omemyBau mo:ke ma 61/1,[[6 OeckOHEYHa AYypU U KOra
HerosaTa pacunpenenaba e IpubIMKHO HOPMAJHA.

Hepununnuja 4.6. Heka o= U(X1,Xs,....Xp) n 0= V(Xl,Xg, ..., Xp) ce oleHyBaun
3a mapamerapot . Torami, BesumMe neka ONEHYBaUOT f e momo6ap omeHyBau o
6, aro 3a cexoj 0 € O Bakn MSE(H) < MSE(®).

3apany quckycujaTa no paBeHcTBOTO (4.5), BO cilyJaj Ha HEIPUCTPACHU OIEHY -
BauM, MPETXOMHATA AeQUHUIMja MOKE Na C€ 3AIUIIe BO CJIEIHUOT OOJIUK.

Hepunnnmja 4.6a. Hera h = U(X1,Xs,...X,) n 9 = V(Xy, Xa, ..., X,,) ce mBa
HEMPUCTPACHM OlleHyBaun 3a mapamerapor . Toram, Besume neka omeHyBadoT 0
e monobap onenyBau ox 6, ako 3a cekoj 0 € © Baxu D(0) < D(0).
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ITpumep 4.8. Heka obenesxjero X uma P(f) pacnpenenba, kaxe § > 0 e nenosnart
napamerap. Toram, craructukure X, u S> ce HENPUCTPACHU OUEHyBauu 3a 0
(mokasku!). 3a HUBHWTE OUCIEP3UM MMAME

D(X,) 0 D(S?) _f (n*(20 + 1) — 2n(6 + 1) + 1)

n = _7 n - n - n
n n(n —1)>2

(mokasku!), on xaze ce riena nexa sa cexoj n € N u cexoj 6 > 0 Bawn D(X,) <
D(S?) (nokaxu!), smaun X, e momobap ouenysau 3a 6§ om S2.

Ce mocraByBa mpamameTo Aajdd BO KjlacaTa Ha HEIPUCTPACHU OIEHYBaUM 3a
HEKOj mapamerap f mOCTOM OIEHyBau uMja AUCHEP3Uja He € MOTroJieMa Ol MCTATa
Kaj OCTaHATUTE HENMPUCTPACHU OIEeHyBauu o1 kKjaacara. VIMEHO, TaKOB OIleHyBau
HE CEKOTralll IOCTOM, HO aKO MOCTOU TOTAIl € eIUMHCTBEH CO BepojaTHOCT 1.

Nedpunnmuja 4.7. Hera co N(f) ja o3maumme kmacara OJ CUTE HENPUCTPACHU
onenyBaun 3a napamerapot . Onemysador 6 € N () 3a xoj Baskn

D(8) < D(8), 3a cexoj § € O uf € N(6)
BeJIUME JIeKa € HeMPUCTPACEH OMEeHyBad CO MUHUMAJIHA UCIEepP3uja.

Teopema 4.1. Hexa 0 = U(X1,Xs,.... Xp) u = V (X1, Xo, ..., X,)) ce dsa oyenysauu
3a 0 co murumanna ucnepsuja. Toeaw, 3a cexoj § € © samcu P{0 =60} =1.

Ilokas. Osmadaysame co d = DO = DO u 0 = ((/9\4— 5)/2 Ke mokaxeme nexa 0 e
onenysau 3a  co muamMasHa mucnepsuja. On

E@) = E((6+6)/2) = (E(0) + E(0))/2 = (0 +0)/2 =0,

3Hauu € e HenpucrpaceHn ounenyBad 3a . lloroa, dbunejim d e MuHUMAINHATA AUC-
nep3uja 3a eleH OoleHyBadY 3a # cienu nexa

D(0) > d. (4.6)
On mpyra crpana,

D) = D(Qﬂ) = i (D8 + 2cou(8,8) + D) <
< 411 (DO +2V8 -0+ Do) = i (d+2vVd-d+d)=d,
IITO 3HAYUM

D(9) <d. (4.7)
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On (4.6) u (4.7) mmame nexa D(0) = d w Baxu paBencTBO BO (4.7), 01 Kaae nuMane
neka cov(f,0) = d, u 3aToa

D(6 — 6) = DO — 2cov(8,0) + DI = d — 2d + d = 0.

Ox moce IHOTO PaBEHCTBO MMaMe JEKa P{Q 0 = ¢} = 1 3a HeKOja KOHCTAHATA C.
On Ef = Ef = 0 cnenu nexa ¢ = 0, na P{H =6} = 1, mTo Tpebame Aa ce IOKaKe. m

4.1.3 KoOH3UCTEHTHU OIleHyBauu

Hexka 0, = U(Xy, Xy, ..., X,) e ouenyBau 3a nmapamerapor . Iloxkenno e pacupe-
nenbara Ha 0, 14 ce KOHIEHTPUPA OKOJTY BUCTUHCKATA BPEHOCT HA MapaMeTapoT
0 co srosmemyBame Ha n. OBa CBOjCTBO Ha OLEHYBAYOT f, € MO3HATO KAKO KOH3UC-
TEHTHOCT.

~

Hepumuumnuja 4.8. OuenyBavor 6, BeanMe neka € KOH3UCTEHTEH OIEHYBau WU
cTabuiieH omeHyBau 3a 6, ako 3a cekoj € > 0,

lim P{|6, — 6| <&} =1, (4.8)

~ p
IITO 3HA4U neka 6, — 6.

Ila 3abenesxmMe neka UHIEKCOT N BO 0, ja MCTaKHyBa yjaorara Ha TOJEMUHATA
N Ha IPUMEPOKOT.

IIpumep 4.9. Heka (X, Xo, ..., X,,) e npuMmepok koj oarosapa ua obenexjero X co
koneunu EX = m u DX = ¢%. Toram, HeOpUCTPACHUOT OUEHyBad S- 3a 02 € U
KOH3WCTEHTEH OlleHyBad 3a o> (mokaskmu!).

CsojctBO 4.2. Hexa 0, = U(X1, Xa, ..., Xp,) e konsucmenmen ouenysay 3a 0 u {c,} e

HU3Q Peaany bpoesu maka wmo lim, . ¢, = 0. Tozaw, u ouenysawom 6, =0, + ¢, =
U(Xy, Xs, ..., Xp) + ¢, € Konzucmenmen oyenysay 3a 6.

~ p .
Hoxka3z. Herka ¢, > 0. Ox 6, — 0 u lim, ,, ¢, = 0, umame nmexa dng, Taka mWTO
vn > No,

P{|0, — 0] <</2} > 1—n, (4.9)
lca| < £/2. (4.10)

Ila 3abenexume mexa
10, — 0] = |0y, + ¢ — 0] < |6, — 0] + |Cnl. (4.11)
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Toram, axo |0, — 6| < £/2, ox (4.10) u (4.11) ke cnenw aeka |0, — 0] < e/2+¢/2 =¢.
3Haun,

P{|0, — 0| < /2} < P{|6, — 0] <&} < 1. (4.12)
Cera, on (4.9) u (4.12) caemm 6, £ 0, mro Tpebame ma ce mowase. =

Bo cayuaj kora omenyBador 6, mMa orpaHnYeHa AUCIEP3uja, HEroBaTa KOH3UC-
TEHTHOCT MOKE Jla C€ MPOBEPU CO MOMOII HA OCHOBHUOT OOJIMK HA HEPABEHCTBOTO
Ha YebwumieB, 0aHOCHO

 MSE(,)

P60 < 2} = P{[B, — 6] < %} > 1 - =2 =

-~

CuaencrBeno, ako MSE(0,) — 0 Toram Basku (4.8). Iloroa, kopucrejku ja mekom-
nosummjara (4.5) 3a 6 = 6,, ce mobusa mexa MSE(6,) — 0 axo D(,) — 0 u
b(@n) — 0. BarTydyBaMe AeKa BO CIyH¥ajoT Kora 0, UMa OrpaHWHYEHA IUCIEp3H]a,
HEroBaTa KOH3UCTEHTHOCT MOKE JIa Ce IIPOBEPU CO IPOBEPKA HA CJIETHUTE yCJIOBU

(a) lim E(,) =6, (6) lim D(f,)=0. (4.13)

n—00 n—00

Nmeno, Baku ciaemHaTa Teopema.

Teopema 4.2. Heka @\n = U(X1,Xs,...,Xp) € ouyenysay 3a Koj eaxmcam ycaosume
(4.13). Tozaw, 0, e xonzucmenwmen oyenyeay 3a 0.

Kousucrentnocra 6a3upana Ha ycaosure (4.13) moHekoraim ce HapeKyBa CpeIHO-
KBaapaTHA KOH3UCTEHTHOCT.

Hedumuumnuja 4.9. OnenyBauvor @L ce HapeKyBa CHUJIHO KOH3WCTEHTEH OIleHyBau
3a 0, ako R
P{lim 6, =6} =1, (4.14)
n—oo

~ C.C.
IITO 3HAYU neka 6, —-s 6.

ITpumep 4.10. Cnopen Teopema 3.1 nmame neka emMnupuckaTta (QyHKIMja HA Pac-
npenenda Ha IPUMEPOKOT [, e CHMIIHO KOH3UCTEHTEH OlleHyBad 3a (QyHKIVjaTa Ha
pacupenenba F ma obenesxkjero X. Opnp tamy m ompaBIyBameTO Ha uaejara 3a
IPUHIUIIOT HA 3aMeHa KaKO MeTOJ 3a Haolame Ha OIEeHYBaYM.
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4.1.4 HajeduracHu oneHyBaum

OnmTuoT KpUuTepruyM 3a CIOpeayBame Ha OIEHyBauM 3a UCT HEMO3HAT napamerap 6
ce TeMesn Bp3 cropenbara Ha HUBHUTE cpenHo kBaapaTHu rpemku (MSE), onaocHO
HUBHUTE AVCIEP3UU HOKOJKY TUe ce HenpucTpacHu onenysaun (lepununuja 4.6-
4.6a). TlomoGpumor omenyBau ce cMeTa 3a MOEPUKACEH OLEHYyBad. 3aroa, Ipu-
POMHO Ce HAMETHYBA 3aJadaTa Ia ce Hajae (ako MOCTOM) HajehUKACEH OIEHYyBau
Mery CUTe HEeIPUCTPACHU OIEHYBAYM, OMHOCHO OIEHYBAYOT CO HajMAaJIa JUCIEP3U]a
unu 6apeM na ce oApenu NOJHATA TPAHUIA 33 BPEAHOCTUTE HA AUCIEp3ujaTa Ha
cuTe MOKHU HEIPUCTPACHU OlleHyBaun 3a mapamerapor . IlocroemeTo Ha TakoB
OIleHyBau ce pa3ryenyBa IPU OIPAeIeHU YCJIOBU 3a PEryJiapHOCT.

Heka P = {p(z,0) : € O} e nonycrausa Gpamuauja ox pacupenendbu 3a 06eIesk-
jero X, kane p(x,0) e nomycrausa rycrusa Ha pacupenenta (axko X e HeIPEeKnHATO
obeseskje) MM NOMYCTIAMBA pacupenenba Ha BepojaTHOCT (ako X € NUCKPETHO
obenesxje). Hera (Xp,Xs,...,X,) e npumepor koj oarosapa Ha obesexjero X.
dynrmUjaTa

L([L’, 0) :p(‘rlve)p(x%e)p(xnve)? T = (‘Tlax% ...7.I'n)7 0 e @7 (415)

ce HaperyBa (pyHknuja Ha nmonobuocr. Co Hea (mpu durcupana BpemHocT Ha 0)
e ompenena pacupenenbara Ha npuMeporoT (X, Xo, ..., X,,).

Jepuannuja 4.10. Heka f : © — R. Ounenysauor U = U(Xy, Xy, ..., X,,) e pery-
JlapeH oneHyBau 3a f(f) ako BaskaT ciemHUTE yCJIOBU 34 PEryJIapHOCT:

(i) muOKECTBOTO A = {T = (21, T2, ..., ) : L(2,0) > 0} me 3aBucu ox 0,
(ii) 3a cure v € A, L(x,0) e mudpepenuujabunua no 6,

(iii) moxe ma ce mudepenmupa (mo §) mox maTerpanor [, L(x,0)dr, ogrocuo mox
cyvata 3, e Lz, 0),

(iv) mose na ce mupepermupa (o ) mox unrerpanor [p, U(x)L(z,0)dr, onrocHo
mox cymara y .. p. U(x)L(x,0),

(v) dymrmmjara f:© — R e mupepennujabuisa.

Teopema 4.3 (Teopema ma Pao-Kpawmep). Hexa X = (X1, Xs, ..., X,,) € npumepox
uwlU = U(X1,Xo, ..., X,) e nenpucmpacen pezysapen oyenysay 3a f(0) u nexa U uma
Koneuen eamop momewm. Tozaw, 3a cexoj 0 € © saxncu

(f'(9))? _
D(U) > B L&) - D. (4.16)

Pasencmeo samcu axo u camo axo L In L(X,0) = h(0)(U — f(6)), sa nexoja dynxyuja
h:0 —R.
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Ioxka3. Bunejku L(x,0) e pyurnmja wa momobuocT u U e HEIPUCTPACEH OLEHYBAY
3a f(0), cnenu meka 3a cexoj ) € © BajkaT CIeIHUTE PABEHCTBA

/ L(x,0)dz =11 | U(x)L(x,0)dx = F(6). (4.17)

Ako pasencrBara (4.17) ru mudepenmupame no  u KOPUCTEJEU ' YCJIOBUTE 34,
perynapHocT Ke mobueme

0 oL 1 0L Jdln L
0—%/nL(I,0)dx—/n%da:—/n(Z %)de_/n ol L, (419

, 0 oL OlnL
f(0) = %/Rn U(:U)L(:B,Q)d:v—/nU 20 dr = /nU 50 Ldzx. (4.19)

On (4.18) u (4.19) nmame

£1(0) = /nU Ol

00
OlnL OolnL
= /nU 50 de—f(@)/n 50 Ldx =

_ /n(U_ £(6)) ag;L Ldx.

On menpucrpacuocta Ha U u (4.18) umame meka E(U — f(0)) =0 n E(B(I;QL) =0,

IIa 3aTOa

(F(0) = (/H(U_ £(9)) 8;? Liz) <

OlnL OlnL
< _ 2 . 2 _ _ 2
< /n(U £(0))2Ldx /n( S Ldr = DU - B35
3Hauu,
IO
” By
r.e. Baxkm (4.16), mro Tpebame na ce MOKasKe. n

HepasenctBoro (4.16) e mo3uaro kako HepaBeHcTBO Ha Pao-Kpawmep. Ilpu
TOa BayKU
0

B35 L(X.6))* = n 1(6). (4.20)

Kane

1(0) = E(%lnp(xﬁ)f7 (4.21)

e nHpopManuja Ha Pumep.
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Hedunannmja 4.11. Perynapuanotr senpucrpacen ouenysad U 3a f(0) e Hajepukracen
ako D(U) = Dy, 0OIHOCHO akoO 3a HeroBaTa MAUCHEP3Uja BayKU PABEHCTBO BO HEP-
aBeHCTBOTO Ha Pao-Kpawmep.

Je¢puunnuja 4.12. Heka U e perynapen Henpucrpaces ouenysad 3a f () co koneuna
AUCIIEP31ja, TOTAIl KOJIUIHUKOT

ce HapekyBa e(KacHOCT Ha oneHyBadoT U.

Jacuo e mera Bazku 0 < e(U) < 1. 3a najedpuracen onenysau U Basku e(U) = 1.
Axko lim,, . e(U,) = 1, Toram 3a ouenyBauor U, BeinMe IEKa € aACUMIITOTCKU
HajepukaceH oIleHyBaU.

IIpumep 4.11. Heka X = (X3, X5, ..., X,,) e npumepok Koj oarosapa Ha 0besex]jero
X ~N(0,0%), xane 6 > 0 e HenoszHat mapamMeTap, JoJeKa 02 e MO3HAT MapaMeTap.

MO3HATUOT IMapaMeTap ro ONEeHyBaM IMHATA Ha IPUMepOKoT X,. Baskat
He a apameTa o) aMe Co cpe aTa Ha okor X,. Baxka
ycsoBuTe 3a perynapuoct (mokaku!). Jla mcnurame manu 3a OBOj OLEHYBaY BasKU
paBeHCTBO BO HepaBeHCTBOTO Ha Pao-Kpamep. Mmawme,

L(Xﬁ):( ! )n/2exp{—%(in—Qezn:Xi—i—nQQ)},
i=1 i=1

2o

Ol KaIe ce nobusa IeKa

In L(X, §) = —§ln(27ra 202(2){?-292){ —|—n92)

9 W L(X,0) = —— (—QZX —|—2n9> :2(7”—9),

00 202
E(g In L(X, 9))2 - ”-E(Y _9)? = —E( — 20X, + 6%).
20 T N

2

Bunejéu E(X,)=0u D(X,) =2, cienu nexa E(Xi) = % + 6% 3aroa,

n

2

2
B2 mrn) = (T 2 gy =
n g

00 o4
dyuruujara f(f) = 0 (Bo mepaBencrBoTo Ha Pao-Kpamep), na 3aroa f/(6) =1, u
"o 2 1 2 -
D= O LT _Dp(X,).

il n
E(zInL(X,0))* 5 n
Ol KaJe 3aKIydyBaMe IeKa X, ¢ Haje(pUKaCeH OIeHyBad 3a 0.
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On Teopema 4.1 cienm cieiHOTO CBOJCTBO 3a €IMHCTBEHOCT Ha Haje(UKaCEH
OIICHyBaY.

CBojcrBo 4.3. Hajedurachuom oyenysay 3a f(0), axo nocmou, e eQuncmeen co eepo-
jamuocm 1.

Joka3. Heka U n V' ce nBa Hajeduracuu onenysaun 3a f(6), roram tre ce Hempuc-
rpacau ouenyBauu 3a f(0) u DU = DV = Dy, kame Dy e nepunupano co (4.16).
Suaun, U u V' ce onenyBaum co MUHUMAJIHA AUCHep3uja, na ox Teopema 4.1 cienu
nexka P{U =V} =1, mro Tpebame na ce morake. n

Om Teopema 4.3 ciemu cJIegHOTO CBOjCTBO 34 JIMHEAPHA 3aBUCHOCT MeEry IBe
¢yuruuu f(0) u g(0), ako mocrojar HajeUKACHM ONEHYBAYM 3a JBETE O HUB.

CBojcrBo 4.4. Axo nomedy gynxyuume f(0) u g(0) ne nocmou auneapHra 3a8ucrocm,
mozau, MOWce 0a NOCMOU HAjePuKacer OUeRY8ay 3a camo eOna 00 HuB.

JHoxka3. Heka U e najepuracen onenysau 3a f(0) u V e najepuracen ouenysau 3a
g(0). Toram, on Teopema 4.3 cinemu meka

O 10 L(X,0) = (O)(U — £(8)), 2 L(X.0) = ho(B)(V — g(6)).

00 00
Ol Kaae
ha(0)(U — f(0)) = ha(0)(V — 9(0)),
OJTHOCHO
hi(0)U — ha(0)V — ha(0) f(0) + h2(0)g(0) = 0,
ma U u V ce nuHEapHO 3aBUCHU. [

4.2 JloBOJHM CTATUCTUKU

Heka P = {F(z,0) : 0 € O} e pammuaujata ox HOMYyCTINBY paCIpeneidu 3a obemex-
jero X, u mera (Xi, Xy, ..., X,) e npumepoxr koj onrosapa Ha obesexjero X. Hera
L(z,0) e pacupenenbara ua npumepokor (Xi, Xo, ..., X,), onHOCHO (yHKIUjaTa Ha
O TOOHOCT.

[lenra vu e nma majmeme craructura U = U(Xy, X, ..., X)) roja compsu ucra
nHpOpMAaIMja 3a HEmO3HATUOT mapamerap  kako u npumeporor (X, Xs, ..., X)),
OJHOCHO TPU OIIEHYBaH-€ HA HEMO3HATUOT MapaMeTap CO IMIOMOII Ha Taa CTATUCTUKA
na He M3TyOumMe mesa on mHopManujaTa Koja co cebe ja HOcu mpuMmeporoT. Bo
IPUJIOT HA OBA Pa3MUCIYyBame € IMOUMOT 38 MTOBOJHOCT.
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[IpB koj ja BoBes mooanocTa ¢ Pumep (1920) mpu ouenyBame Ha AUCIEP3U-
jata o2 waj obenexje X ~ N(m,0?). Toj ja onenmysas o? Bp3 6a3a TPUMEPOKOT
(X1, X2, ..., X;;) CO mOMOII HA CTATUCTUKATE

n n
Uy =) |Xi—-X,|uly=) (X;—X,)%

i=1 i=1
Kage X, e cpeauHaTa Ha TpuUMepokoT (X1, Xo, ..., X,). Ilokaman meka ycaoBHATa
pacnpenenba Ha U; mpu ycmos U, = t He 3aBUCH O IapaMeTapoT o2, XOACKa
ycaoBHaTa pacnpenenta na U, npu yeaos U; =t 3aBucu on 2. Co Toa, TOj 3ak-
JTY4YnI eKa ceTa nHGpOpMAaIuja 3a 0> ol IPUMEPOKOT € COAPKAHA BO CTATUCTUKATA
U,, mMTO 3HAYUN IeKa ONeHyBameTo Ha o2 co U Moxe Ja ce Mogo0pu co KOPUCTEHe
Ha mHpopMmanujaTa Bo Us, nomeka oneHyBameTo co Uy He MOoke na bune monodopeHo
KopucTejku ce co U;. 3Haum, oneHyBameTo Ha o2 Tpeba ma 6une 6asupano ma Us.

Hedpunannmja 4.13. Cratucturka U = U(Xq, Xo, ..., X,,) € HOBOJIHA CTATUCTUKA 32
mapamerapor 6, ako 3a cekoj € © ycaoBHara pacupenenba Ha TPUMEPOKOT
(X1, X, ..., X,,) upu ycaoB U =t 1.e. L(x,0|U =1t) me 3aBucu ox 6.

IIpumep 4.12. Hera (X;, Xs, ..., X,,) e mpumepor kKoj oarosapa Ha 0OeIesKjeTo
X ~ B(m,0), kane 0 < § < 1 e menmosmar mapamerap. Toram, pacnpenenbara
Ha npuMepokor (X7, Xs, ..., X,,) e

L(x,e) = P((Xl, ,Xn) = (xl, ,l’n)) — H (m>emz(1 _ Q)mfzi’

x‘.
i=1 v

3a z; €{0,1,...,m}, i =1,2,...,n. la npoBepume nanu crarucrurara U = X+ X+
...+ X, e moBosHa craructura 3a 0. Onx mHezapucuocra Ha Xq, Xo,..., X, ciaemu meka
U ~ B(nm, ).
Heka (z1,...,%,) € IPOU3BOJIEH €JIEMEHT OX NOMEHOT U HeKa [ = Ty + ... + Ty.
Toram, yciaoBHara pacupeneinba Ha IPpUMepoOKOT npu yciaoB U =t e ciaemuara.
P((Xl, ceey Xn) = (ZEh ceey In), U= t)

P((X1, s X)) = (21, ooy ) |U = ) = =5 _

P((Xl, ---;Xn) = (l’l, ...,.’L’n),Xl + ...+ Xn =21+ ...+ l'n)

PU=1)
_ PUX e X)) = (20, 0)) [T (2)om (@ —o)ym=—=
PU=1) (7)o =0y
(H?:l (;’:))9“*-'*%(1 — g)nm—(@rtten) ) . (?)
= ay GR
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mTo 3HauM He 3aBucu on #. Bo cayuaj kora t # ry+ ...+ x, uMaMe meKa yCJIOBHATA
pacnpenenba e 0, ma TPpUBUjAJIHO CIeAM NEKa He 3aBucu on #. 3Haum, cmopen
nepuHUNMjaTa 3a NOBOJHA CTATUCTUKA, 3akiaydyBame nexa U = X; + ...+ X, e
MOBOJHA CTATUTUKA 34 0.

I[IpoBepraTa co momom Ha AepUHUIMjaTa NAIW €IHA CTATUCTUKA € IJOBOJIHA
HauAyBa Ha OpobOJeM Tpu Haolrame Ha YCJIOBHATA pacupeneiada moceOHO Kora
obenexjero X e mempekmHaTo. llocTom moemHocTaBEeH KpUTEPUYM 3a IIPOBEPKA
aJI eqHA CTATUCTUKA € JOBOJHA - Teopemara 3a (pakTopum3aiyuja.

Teopema 4.4 (Teopema 3a parropusanuja). Cmamucmura U = U(X1, Xo, ..., X,)) e
0080AMHA CMAMUCTIUKG 36 napamemapom § axo u camo ako Pynryujama nwa nodobrocm
L(z,0) moxce da ce zanuwe 80 obauk

xade gynryujama h ne 3a8ucu 00 napamemapom 6.

Iloka3. /[loka3oT ke To crmoBedeHe 3a CJIydajHa TPOMEHJIUBA O AUCKPETEH TUII.
Herka U e moBosHa craTuCTUKA W HEKA T = (T1,T9,..,T,) € R"™ e TakoB mTO
U(zy,x9,...,x,) = t. Toram,

L(ZE,Q) = P{(XI,XQ, ---;Xn> == I} = P{(Xl,XQ, ,Xn) =, U= t} =
P{U =t} P{(X\,Xo,.,. X,) =2 | U =1t} =
= g(t,0) - L(xz,0 | U =) = g(U(x),0) - h(x),
3aroa mro L(z,0 | U =t) He 3aBucu ox 6.
Heka cera L(z,0) = g(U(x),0) - h(x) u wera z = (21,22, ..., T,) € R" e Takos mro

U(zy,z9,...,x,) = t. Toram,

COP{(X0Xe o X)) =a U=t} L(x,0)
; P{U = t} B Zy: U(y)=t L(y7 9) B
gU(@),0)-h(z)  _  h(z)

Zy: U(y):t g(U(y)’ 9) ' h(y) B Zy: U(y):t h(y) ’
He 3aBucu on #, ma cemmu nexa U e moBoJsiHA cTaTUCTUKA 32 0.

Axo U(z) # t, roram P{(X, Xs,..,X,) =« | U =t} =0, u noka3or e TpuBu-
jaJieH. [
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IIpumep 4.13. Hera (X, Xs, ..., X,,) e npuMepok koj oaroBapa ua obenexjero X ~
U0,0), kane § > 0 e menozuar mapamerap. Ila ce obumeme co KPpUTEPUYMOT 34
daxTopuzanuja na HajoeMe enHa MOBOJIHA cTaTUCTHKa 3a 6. Pacnpenenbara Ha
npumepokor (Xq, Xo, ..., X,,) e

1
L(.ﬁlf,(g) = e—n, O<x; <0, 1=1,...,n,

IIa Taa MOKE Oda CE 3allle KakO

L(z,0) = einf{o <00 <3, <0} —

1 .
= 07]{1122;352 < G}I{lrélilélnxi >0} =

= g(max{z1,...,xz,}, 0)h(zx),

OX Kaze, CIOpel TeopeMara 3a (pakropusaunuja, CiIean 1eKa MOAPeneHaTa CTaTUC-
tura X(,) = max{Xy,..., X,} e noBonHa craTucruka 3a 0.

Crnopen ne¢purUIIjaTa 38 TOBOJIHOCT, JOBOJHUTE CTATUCTUKYA HE CE € IMHCTBEHMU.
Ce noraskyBa neka ako U e HOBOJIHA CTATUCTUKA U ¢ € Ouekrnuja, Toram u g(U) e
noBojiHa craructuka. Co OBa ce MOTEHIMPAa MOrOJEeMOTO 3HAUEHE Ha MPOCTOPOT
HA IPUMEPOKOT UHIAYIUPAH O HOBOJHATA cTaTuCTUKa U (T.€. MPOCTOPOT COCTABEH
on muosxkectBara {x : U(x) =t}), OTKOJIKY camMaTa DOBOJIHA CTATACTHUKA.

CgojcrBo 4.5. Axo U = U (X4, Xs, ..., X)) € dogoana cmamucmuka 3a napamemapom
0 u g e buekyuja, moeaw u cmamucmuxama V = g(U) e dosoana cmamucmura 3a 0.

Iloxa3. Heka U e moBoana cratuctuira 3a . On Teopema 4.4, cienu meka

Heka V = ¢g(U), upu wro g e 6ueknuja. Heka s e nuBep3HaTa ¢GpyHKUUja HA ¢ T.€.
U = s(V). Toraum,

L(z,0) = g(s(V(2)),0) - h(x) = f1(V(2),0) - h(z),
ma cunopen Teopema 4.4 caenu meka V' e mOBOJHA CTaTUCTURA 3a 6. ]

JloBOTHUTE CTATUCTUKUA HU MOMAaraaT Oa HajleMe HEeIPUCTPACEH OIeHyBad CO
noMaJia AWCIIep3uja O4 MUCIep3ujaTa Ha HEKOj MaleH HEMPUCTPACeH OIeHyBad,
MMEHO TO] OIleHyBad e (PYHKIUja O HEKOja MOBOJIHA cTaTucTuka. VcTo Taka Baxku
IEeKa, aKo IIOCTOU OIleHyBad CO MUHUMAJHA AUCIeP3uja, TOralll TOj € pyHKIUja Ol
HEKOja MOBOJIHA CTATUCTUKA.
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Teopema 4.5. Hexa T e dosoana cmamucmuxa 3a napamemapom 6 v U e Henpuc-
mpacen oyenyeay 3a 6. Tozaw, ycaoenomo mamemamuuro ouexysawe Q(T) = E(U|T)
e nenpucmpacen oyenysay 3a 0 u 3a cexoj 0 € © samcu D(Q(T)) < D(U). Pasencmeo
saxcu axo u camo axo P{U =Q(T)} = 1.

Hoka3. Onx toa mrTo T e mMOBOJHA CTATUCTUKA 3a O cieau meKa yCJIOBHATA pac-
npenenba va U npu ycaoB T =t we 3aBucu ox , a co toa u E(U|T) = Q(T) ue
3aBucu on 0 1 Moske ma ce cMeTa 3a omeHyBad 3a 0. On mempucrpacuocra Ha U,
“MaMe

E(Q(T)) = E(E(UIT)) = E(U) = 9,

on kane caenu neka Q(T) e menpucrpacen ounenysau 3a 6. I[Tomaramy,
D(Q(T)) = D(E(UIT) < D(U),

a PaBEHCTBO ce JOoCTUrHyBa akoMu camo ako Q(1) u U ce oneHyBayn cO MUHUMAJHA
nucnepsuja, mro cuopen Teopema 4.1 e ekBuanentao co P{U = Q(T)} = 1, mro
Tpebarne ga ce mOKasKe. [

4.3 Meromu 3a Haorame HAa OIEHKU

4.3.1 Metona Ha MOMEHTU

Heka (X1, X5, ..., X)) e ciayyaeHn mpuMepok Koj oarosapa ua obenesxjero X co ¢yH-
KIja Ha pacupenenba F koja s3aBucu om Hemo3naTure npamerpu 6q,....0,.. Ce
IOpamyBaMe OdaJd MOKE IIPUHIMIIOT Ha 3aM€EHa [da Ce IIPUMMECHU IIPpU OLOEHYBAIE Ha
HeIo3HaTuTe mapamerpu 61, ...,0, Bo enen mapaMeTapCKu MOIeJI.

Enen npucran (3a koj 360peBMe IPETXOIHO) € aKO MOkKe Ia ce uapasar 6y, ..., 0,
Kako QyHKOMOHaJM on F', a moToa cO 3aMeHa Ha OIeHyBad F Ha MecToTO on F ce
noOuBaaT OIEeHyBaYN é\l, ...,é\r 3a 01,...,0, coonBeTHO.

OGonmryBame Ha OBOj IPUCTAI € Ia IpU oueHyBame Ha 0 = (01, ...,0,) ycuneeme
na Hajoeme r GyHKmoHaJdHU napamerpu ox F, m(F),....n.(F) rou 3asBucar ox 6,
OJIHOCHO

me(F) =gr(0), k=1,...,r, (4.22)

Kame g1, ..., §r ce mo3HaTtu GpyHrnuuu. Ha 0BOj HAUMH ce MOOMBaA CUCTEM O I' pABEHKU
co r menosHatu 0y, ...,0,. Ropucrejiu ro npuMmuor Ha 3aMeHa, MOKe Ja I'M OLEH-
nve 101 (F),...,n.(F) co m(F),...,n.(F) coomserno. Ako 3a cekou 771(F2\,...,?7T(F)
NOCTOM €AMHCTBEHO pelmnenue Ha cucteMor (4.22), toram omenysavor ¢ Ha 6 ro

nepuHIpaMe Taka na I'o 3aJ0BOJYBa CUCTEMOT
m(F) = ge(0), k=1,...,7. (4.23)

Npena CrojroBcka



84 4. OnenyBame Ha mapamMeTpu

Enen uszbop 3a ni(F), k=1,....,7 e k-tuor MmomenTt Ha obernesxjeTro X, OJHOCHO
m(F) = BE(X*), k = 1,..,r. Toram, cmopei NPUHIUIOT Ha 3aMeHA OICHYBAUN
3a ni(F), k=1,...,7 ce k-ture MmomenTu Ha npumeporor (Xi, Xs, ..., X,), OTHOCHO
me(F) = IS XF=Z.k k=1,...,r coonerro. 3aroa, 0BOj METOX 3a HAOlame

Ha OIEHYBadY € MO3HAT Kako MeTon Ha MoMeHTU. [Ipm toa 3mauum, omenyBadvor 6
Ha 0 HajOoeH CO METONOT HA MOMEHTH I'O 3aJ0BOJIyBa CUCTEMOT

~

ka = gk(Q), k= 1, T (424)

IIpumep 4.14. Heka oGenexjero X uma N (m,o0?), kKaze m u 0 ce HENO3HATH
napamerpu. Heka (X7, X, ..., X,,) e npumepor koj oarosapa Ha oBa obeisexje.
Toram, 3a HAOFaHke HA ONEHYBAYM Ha HAaPAMETPUTE M U 02 CO METOJ Ha MOMEHTH,
IIPBO TO COCTaByBaMe CIeIHUOT CHCTEeM PaBeHKHU IO M U 0-.

EX)=m
{ EX*)=DX)+ (E(X))*=0c*+m?

[Toroa, cnopen npurcunor Ha 3amena, F(X) u E(X?) ru 3aMmenyBaMe CO HUBHUTE
oneHyBauu Z, 1 U Z,o COOABETHO, NONEKA HEMO3HATHUTE NAPDAMETDPHU M U 02 T'U 3a-

MEHyBaMe CO HUBHUTE OIEHYBaYM 1 1 02 cOOABEeTHO. Taka ro mobusame CJeIHUOT
CHCTEM.

» D

Zn,l
Zn,2 = 02 + 7/7\7,2

Pemasajéu ro mocieqHuOT CUCTEM IO M U 02 I goOuBaMe ONEHyBAUYUTE 3a M U

0'2 CO MEeTOa Ha MOMECHTU. Toa ce,

ffl:ZnJ :%Zn:xlzyn
i=1

1 & 1 & 2
5 =~ 2 __Z 2 _Z A\
07 = 4n2 m _Zn,Q Zn,l_ni:1 Xz (TL ot Xl) _Sn

Co MeTomoT HAa MOMEHTU Ce NOOUBAAT KOH3UCTEHTHU OIEHYBAUM 33 OIECHYBAaH-
UTe mapaMeTpu.

Teopema 4.6. Hexa obesexncjemo X uma pynryuja na pacnpedeaba F' woja 3aeucu
00 1 nenoznwamu napamempu 0y, ..., 0., nexa X uma woneunu momenmu my, = E(XF),
k=1,...,r u nexa napamempume 01, ...,0, moxnce da ce 3anuwam Kako HenpexKuHami
Pynryuu 00 momenmume my, ..., My, Oy = O(mq,...,m,), k=1,....r. Tozaw, oyenysa-
wume gk =0k(Zna, .y Zny), k= 1,...,17 dobuenu co memodom na MOMERMU ce KOHIUC-
menwmmu ouenysanu 3a napamempume Oy, k =1,...,r coodsemno.
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Ioka3. O 3akoHOT Ha rosiemMuTe OpoeBU uMame aeka Ve > 0,

lim P{|Z, —my| <e} =1, k=12,
n—o0
On menperunartocta Ha O = Op(my,...,m,), k =1,...,r, unmame neka Ve > 0, 39 > 0,
<|x1 —my| <0,y |z, —my| < (5) = |0k(z1, ..., x) — Op(my,..omy)| <e, k=1,..,r

Ako craBume Ty, = Z, i, k = 1,...,r nobuBame neka

({1 Zose — | < 8} C {161 — 64] < e},

k=1

OJHOCHO

{10 — 0ul > €} € | J{1Zuse — ma| > 6},
k=1
O KalIe

P{l0y — 0] > 2} < P( {1 Zose — el = 5}) <" P{|Zus — mul = 8} — 0,
k=1 k=1

ma cjemu neka #, e KOH3UCTEeHTeH oneHyBad 3a O, k=1,...,7. n

4.3.2 Meton Ha MaKCUMAJIHA IIOI0OHOCT

Kako mro BumoBMe, cO IPUHIMUIIOT Ha 3aMeHa Ce HAOraaT 3ad0BOJUTEJIHO A00pU
OIlEHyBaUM 3a HENO3HATUTe IapaMeTpu. KBaauTeToT HA HAjAEHUTE OIEHYBAYUN
CO TPUHIUIOT Ha 3aMeHa MOKe MHOTY [Oa Bapupa BO 3aBUCHOCT O m300OPOT HA
OIIEHYBaUoOT 3a (GyHKHMjaaTa Ha pacupenenbda F' nian n3dopor Ha (YHKIVOHATHUTE
mapamerpu on F. VcTo Taka TIpUHIUIOT HA 3aMEHA TEIIKO MOXKE 1a Ce MPUMEHU
Ka] HEeIHAKBO PACIPENesIeHU CIydajHU MPOMEHJIUBU o1 npuMepokoT. OBue mpoo-
JIeMM Ce Ha HEKO] HaUYWH HAOMHUHATUA CO METONOT Ha MAaKCHUMAJIHA IOJNOOHOCT KOj
MHOTY 4YeCTO Haora He caMO 3aJOBOJIUTENHO NOOpU OlEeHyBauu, TYKY U OIEHY-
BaYM CO ONTUMAJHU CcBOjcTBa. OlEeHyBadyoT HAjAeH CO METONOT Ha MAKCUMAJIHA
IIONOOHOCT ce mepUHUpaA Taka Oa ja MaKCUMHU3WTA BPETHOCTa Ha oApeneHa (yH-
KIMja HapedeHa (YHKOUja Ha monobHocT. BceymHuocT, 0BOj Meton ce Oa3upa Ha
eleH BayKeH IPUHIUI BO CTATUCTUKATA, IPUHIUIOT HA IMOJOOHOCT, KOj BEJIU IEKa
GyHKIUjaTa HA MOTOOHOCT T COAPXKU BO cebe cuTe MHPOPMANUU 3a HETO3HATUOT
mapamMerap, npeaMeT Ha OIEHYBabe.

Hera (X1, X5, ..., X,,) e npuMepok kKoj oarosapa Ha oberuesxjero X co pacmpe-
nenba Ha BepojaTHOCT p(z, ) Koja npunara Ha paMuanujaTa ol AOILY CTIUBU PaCIpe-
nenbu Ha BepojarHoct P = {p(z,0) : § € O}, rane ¢ e Hemosmar mapamerap.
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Toram, ¢ynrmujara na pacupenenba za npumepokor (Xi, X, ..., X, ) ce HapekyBa
¢yHKIUja HA mOMOOHOCT, ce o3HauyBa co L(x,0), © = (r1,xs,...,2,). Bo ciayuaj
HA IPOCT CJIy4YacH NPUMEPOK, UMaMe

L(z,0) = p(xy1,0)p(z2,0)...0(x,,0), © = (21,22, ...,2,), 0 € O. (4.25)

Yecto, 3a manmena peanuzanuja r = (o1, s, ..., T,) Ha npuMepokor (Xi, X, ..., X,),
¢yHKIUMjaTa Ha MOJOOHOCT ce TpeTupa Kako GpyHKIMUja O mapameTrapot  T.e.

L(0) = L(z,0), 0 € ©. (4.26)

Ha oBoj Haumu ¢yHEHMjaTa HA MOAOHOCT MOXE Oa ce "HpoumTa’ KAaKO BEpOjaT-
HOCTa meKa cayuajuuoT Bektop (X1, X, ..., X,,) ke ja npumu Bpemaocra (1, Ty, ..., Ty).
[Ipu Toa, 3a paszauunu BpenHocTu Ha 6 € O ce noOUBaaT Pa3INYHU BEPOjaATHOCTH.
[Ta, mo:ke ma ce Kaske meka (yHKIMjaTa Ha TOAOOHOCT MEPU KOJIKY € IapaMeTapoT
0 morozen 3a noOMBame HA KOHKpeTHATa peajusamyja (T, T, ..., Tp,) HA IPUMEPOKOT
(X1, X2,y .oy Xin).

Cnopen MeTomoT Ha MakcuMaJiHA momobHOocT (maximum likelihood - ML), 3a
MaKCHMAaJIHO o no0eH onenyBau (maximum likelihood estimator - MLE) 0 ua napam-
erapoT 0 ce 3eMa CTaTUCTUKATA o= g(Xl, Xo, ..., X,) 3a KOja BakuU

-~

L(Xl, XQ, P Xn, 9) = meax L(Xl, XQ, ceey Xn7 9) (427)

[Tocrojar raaBHo mBa HaumHa 3a Gapame Ha ML ounenyBauumre (pemaBame Ha
samauara (4.27)). Emuuor e co mupekTHa MakcuMmu3anuja Ha (QYHKOAjaTa HA
nonobuoct L(Xy, X, ..., X,,,0) 3a nanena peanusammja (xy, T, ..., T,) Ha IPUMEPOKOT
(X1, X2, ..., X)), ¥ OBOj HAUMH € KOPUCEH KOra JOMEHOT Ha MOAATOIMUTE 3ABUCU O
HEIIO3HATUOT IapameTrap.

Bropuor mHaumH ce mpuMeHyBa KOTa JOMEHOT Ha IMOJATOIMTE HE 3aBUCHU Ol
HEMO3HATUOT apaMeTap 1 GpyHKIUjaTa Ha IOoA0OHOCT e nudepernujadburna no § Ha
MHO:kecTBOTO O, 1 Toram ML omenyBauoT ce Haora Kako pelleHre Ha paBeHKaTa

Ha MOJ00HOCT
Oln L()(l7 XQ, ceey Xn, 9)

00

ITorBpaa 3a 0BOj HauuH HU maBa (GarkToT meka In: RT — R e pacreura ¢ynrmmja,
na 3aroa ¢ysrmuure L(Xq, Xo, ..., Xp,0) n In L(Xy, Xo, ..., X,,,0) umaar uctu Touyrm
Ha MakcumyM. PaBenkara Ha mOZOOHOCT MOKe Oa MMa MOBEKe pPelleHuja, ma BO
TOj ciydaj Tpeba na ce mpoBepu KOe O HUB HABUCTUHA ja MaKCUMU3UPA (yHKIU-
jara Ha momoOHocT. McTo Ttaka, ako mpocTtopoT on mapamerpu O He € OTBOPEHO
MHOKECTBO II0 PEeIlaBameTO Ha paBeHKaTa Ha MOJ00HOCT ke Tpeba ma ce mpoBe-
puaT U TPAHUYHUTE yCJIOBU, OMHOCHO MAJM MOYKE MAKCUMYyMOT N8 C€ NOCTUTHE Ha
TpaHUIaTa O MPOCTOPOT HA MapaMeTpH.

= 0. (4.28)
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IIpumep 4.15. Heka obenexjero X uma U(0,0) pacupenenba, rane 0 > 0 e Henos-
maT mapamerap. Heka (X1, Xs, ..., X,,) e npumepok kKoj oarosapa Ha obenesxjeto X.
Toram, ¢pyHEIMjaTa HA IOTOOHOCT €

L(z,0) = <%>n = <%)n {0 <uxy,..,z, <0} = (%)n H{max{xy,...,z,} <6},

3a 0 < xq,...,2, < 0. Kora max{zy,..,x,} > 0, roram L(z,0) = 0. Dunejinu,
3a max{ziy,...,r,} < 0, L(x,0) e onarauka ¢yuruuja no 0, saknyuysame mexka ML
oleHyBadv 3a 0 e

0 = max{X, ..., X,} = X

IIpumep 4.16. Heka oGenexjero X uma P(\) pacupenenba, kage A > 0 e Hemo3HaT
napamerap. Hexka (X, Xy, ..., X,) e npumepor koj omrosapa Ha obemnesxjero X.
Toram, ¢pyHEIMjaTa HA IOTOOHOCT €

ST Azizi®i
L(x’ )\) - H (xl' ¢ > - Hn_l iL',L‘ ¢ )

=1

Jloropuram on ¢pyHKIUjaTa Ha MOILOOHOCT €

In L(z, \) lnx\ZxZ 1n(H i.)—n)\.

=1

Bapawme u3Bonm mo A\, u mobuBame

0
alan/\ )\Zmz

Pemasajéu ja paBenkaTa Ha TOZOOHOCT %IHL(Xl,...,XmA) = 0, mobuBame ML
omeryBau A = + 3" X, = X, 3a A. JlecHO ce mposepyBa meka mpu y ., x; > 0
OBOj OIlEHyBadu HABUCTHMHA ja MaKCUMMU3UPa QYHKIUjaTa HA momoOHOoCT. MMmeHo,

02
WlanA Z$Z<O

Buaun, A = X, e ML oueHyBau 3a \, axo Yor,X; > 0. Aro mak »..  X; =0,
roram He moctou ML omemyBau 3a )\, 3aTOa IITO JIOTOPUTAMOT O (DyHKIUjaTa Ha
nonob6uoct In L(x,\) = —n\ mema makcumym Ha mHTepBaJoT (0,400), & U JOMEHOT
HA TIOJATONUTE HE 3aBUCK OJ HEMIO3HATUOT IapaMeTap, ma He MOKe 1a Ce MPUMEHU
OVPEKTHA MaKCUMU3AIA]a.
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Co MeTOonmOT Ha MaKCUMaJIHA MOJOOHOCT HE MOpa naa ce nobme camMo eneH MakK-
CUMAaJHO MOM00EH OleHyBay.

IIpumep 4.17. Heka obenexjero X uma U(0 — 1,0+ 1) pacupenenba, rage 0 € R e
Herno3Hat napamerap. Heka (X7, Xo, ..., X)) e npumepoxr koj onrosapa Ha obeJek-
jero X. Toram, ceroja craructuka U = U(Xq,..., X,,) 3a koja Baku

Xy —1<U< Xy +1

€ MaKCUMAJIHO MOoJ00eH OoleHyBadv 3a f, a TaKBU CTATUCTUKUA I'M mMa moBeke. Ha
npumep, 3a cexoj t € (0,1), crarucTurure

U= Xy =1+ 1(X) = X +2)
ce ML onenyBaum 3a 0.

MaxkcumaJsiHO TONOOHUTE OLEHYBayud IOCEAYBAaaT OAPeNeHM yOaBU CBOjCTBA.
KonkpeTHO, ceroj HajepuraceH OIeHyBad € MaKCUMAaJIHO IONOO€H OIleHyBad.

CsojctBO 4.6. Hewa U e najepuxacen ouenysaw 3a napamemapom 0. Tozaw, U e
eOURCMBEHO PEUWERUE HA PABEHKAMA HA NOOOOHOCT.

JHoxka3. Cnopen Teopemara na Pao-Kpamep (Teopema 4.3), U e najeduracen
OIleHyBa4 3a ) aKO U caMO aKO BaKU PABEHCTBO BO HepaBeHCTBOTO Ha Pao-Kpawmep,
T.€. aKo

)
5L(z,0) = h(B)(U — )

3a Heroja ¢yuruuja h(f). Toram, paBeHKaTa Ha MOHXOGHOCT

OL(X1, X2, ..., X0, 0)

o0 =0

opeMrHyBa BO

h(O)(U(X,, ... X)) — 0) =0

une pemenue e § = U. EmuacTBeHOCTa Ciiequ Ol €IUHCTBEHOCTa (CO BepojaT-
HOCT 1) Ha HajepUKACEH OIEHyBaY. [

MaxkcumaJiHO TOOOHUTE OIleHyBauMl ce (yHKIMja O JOBOJHA CTATUCTUKA.

CsojcTBo 4.7. Hexa U e dosoana cmamumuka 3a napaemmapom 6, mozaw cexoe
pewenue Ha pagenkama na nodobrocm e pynryuja 00 U.
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Iloxkasz. Hexka U e moBosna cratuctuka 3a mapamerapor #. On Teopemara 3a
parkropusanuja (Teopema 4.4), caenn

Torarm, paBeHKaTa Ha MIOAOOHOCT

OL(X1, X, ..., X0, 0)

=0
06
IPEMUHYBa BO
GQ(U(Xl, XQ, ceey Xn), 9) —0
06 ’
oI Kaze cienu neka cekoe pemenve (1o 6) e ¢pyurmumja on U. "

Meryroa, cexkoj ML onemyBau He Mopa ma Oume MOBOJHA CTATUCTUKA.

IIpumep 4.18. Hera oGenexjero X uma U[0,0 + 1] pacupenenba, kame 0 € R e
menozuar napamerap. Heka (X7, Xs, ..., X)) e npumepok koj oarosapa Ha obesesk-
jero X. Toram, ¢pyHEKIMjaTa Ha IOZOOHOCT Ha IPUMEPOKOT €

L(z,0)=1,3a0 <xy,...,0, <O+1,
na cexoja cratucrtuka U = U(Xy,..., X)) 3a koja Baxu
Xmy —1<U < X

e MakKCUMaJHO monoben omenyBau 3a . Cmopen toa u X() e ML ounenysau 3a 0,
HO X(1) HE e JOBOJIHa cTaTuTuKa. VIMeno, rycrtunaTta Ha pacnpenenba Ha X(j) e

pt,0) =n@+1—-t)""" 0 <t<O+1,
IIa ycJaoBHATa pacupenenba za npuMepokoT (Xi, Xs, ..., X,) npu ycaos Xy =1 e

L 1
;?3::M9+1—0%P3a0§thﬂn§9+1ﬂgét§0+1

3aBucHu on 0.

Hpyro y6aBo cBojctBo Ha ML omenyBauuTe € neka Tue ce MHBAPUjAHTHU BO
OMHOC Ha TPaHCHOPMAIIUTE.

CsojctBo 4.8. Hexa U e maxcumanano nodoben ouenysay 3a napamemapom 6, u
nexa f e mowomowna gynryuja (uau noonwmo, buekyuja), mozaw f(U) e maxcumanro
nodoben oyenysay 3a f(0).
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Iokas. On f Guernuja, nocTou Hej3uHA nHBEp3Ha OyHEMMja f 1. Heka f(0) = 0%,
toram 0 = f~1(6*), na

L(z,0) = L(z, f1(6)) = L*(x,0).
Toram,
max{L(z,0) : 0 € O} = max{L*(z,0") : 0" € ©" = f(O)},

u OuIejku jeBaTa CTpaHa ce MakCuMm3upa 3a U, cieny meka jgecHara CTpaHa Ce
makcumusupa 3a f(U). 3uaunm, f(U) e makcumasno nomoben omenysau 3a f(6),
mTO Tpebalme ma ce JOKasKe. ]

[loxg momonHMTENHM yCJIOBU 3a PETryJIapHOCT MOXKE Oa Ce MOKayKe KOH3UCTEHT-
HOCTa U aCUMITOTCKaTa HOopMaJHOCT HAa ML omenyBauute. Ha cienaure mpumepu
Ce UCIUTAHU HEKOU OJ aCUMIITOTCKUTE CBOjcTBa Kaj ML omenyBauure.

IIpumep 4.19. Heka oGenexjero X unma Geo() pacupenenba, rage 0 < 6 < 1 e
HEIO3HAT IapaMeTap, OJHOCHO pacHpenenada Ha BepOjaTHOCT HaeHa CO

P(z,0)=0(1-0)", x=0,1,2,...

Heka (Xi, Xy, ..., X,,) e npumepok koj oaroapa ua obene:xjero X. Toram, Makcu-
MAaJIHO TTOMOOHUOT OlleHyBau 3a f e

~ 1
0 == .
X, +1

Ila ja mcouTame KOH3UCTEHTHOCTA Ha onenyBadvor f 3a 0. Mmame 3a 0 < e < 0,

~ ~ 1 — 1

< X 1-9 € = 1—4 €
=Pl < Xn— > P{X, — _
{ CEET R <(9_€)9}_ {1Xn —— |<(6+5)e}
b + D(X 10
s < - P
(0+¢) ((9+e)0) (m>

kora n — oo. CIMYHO ce MOKa:KyBa M BO CJyYaj Kora € > . 3akiaydyBaMe IeKa
ML omnenyBadoT € e KOH3UCTEHTEH OLEHYBadY 3a 0.
[Toroa, on IlenTpananara rpaHnYHa TeOpeMa, UMaMe IEKa

~ 1_9 dist. 1_8

Vn(X, — T) — N(0, 7)7
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o Kane mobmBaMe ICKa

~ — 1 -0 st ,1—0.1-146
Vi —0) = Val(g(X.) = g(=5=) “5 N (0.9 (—5=)=5) = N(0.6°(1 —9)).
npu mTo e kopucrteH [lesra MeTonoT 3a MOHOTOHATa (QyHKUUja g(x) = H% 3Hauu,

ML onenyBauotr 6 3a 0 € aCUMITOTCKIA HOPMAaJIeH OIeHyBad.

IIpumep 4.20. Hera (X1, Xo, ..., X,,) e upumepok koj oarosapa Ha obenesxjeto X
koe uma U[0,0] pacupenenba, kame § > 0 e menoswar mapamerap. MAaKCUMAIHO
momo0eH oreHyBadv 3a 6 e

0 — Xy = max{Xy, ..., X, },

ynja (YHKIUja Ha pacrnpeneinba e

T\ "

Fg(:c):P{§<x}:<9) L0<z<0.

Toram, 3a mpousBoJseHn € > () umame,

0 — e\
> — 0, gora n — 0.

PG -0l >} =P{I<0-c} = (

3uaun, f e koH3UCTEeHTEH oneHyBad 3a . On apyra crpana nmMame

P{n(@—g)<x}:P{§>9—£}:1—(1—9£)”—>l—e_x/e, saz > 0.
n n

-~

Suaun, n(f—0) koEBeprupa mo pacupeneaba KOH eKCIOHEHIN]ATHA CIIYyYajHa IIPOMEH-
JIBA.

4.4 HVnatepBasiz Ha moBepOa

Heka P = {F(z,0) : 0 € ©} e pamunujara ox DOLyCTIUBU pacIpeneadu 3a 00Iex-
jero X, rame 0 e memoszmar mapamerap. Heka (X, Xs,...,X,) e mpuMepor koj
omrosapa Ha obene:xjero X. Hera 0 = U(X1,Xs,...,X,) e onenyBau 3a 6. Haj-
roJeMuoT IPoBJIeM Kaj TOUKACTUTE OIEHYBAauM € TOa MITO BEPOjaTHOCTA P{é\: 0}
e MHOrYy MaJia (Taa e HyjJa BO CIydYaj KOra f mMa ANCOTYTHO HEIPEKUHATA PAac-
npenenba), MTO AOBEAyBa OO IMOTEINKOTUM DU AHAJIM3A HA TPENKaTa, OXHOCHO
OTCTATIYBAMmETO, TTPU KOPUCTEHe Ha OMNCHYBAYOT 0 3a ONEHYBAmC HA HEMO3HATHOT
mapamerap 6.

AHTepHaTI/IBeH IpucCTall 3a ONEHYBalkh€ Ha HEIIO3HATUTE IIapaMeTpu € MHTEP-
BAJIHOTO OIEHyBal€ IPeKy MHTepBaJM Ha JoBepoa.
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Hedpuannmja 4.14. Hera L(Xp, Xo, ..., X,) n U(Xy, Xs, ..., X,,) ce mBe craTucTurm
Taka mTo 3a cekoj 0 € O Baku P{L(X1, Xo, ..., X,,) <U(X1, X9, ... X))} =1m

P{L(Xl,XQ, ,Xn) <f< U(Xl,XQ, ,Xn)} 2 1-— «, (429)

kane 0 < o < 1 e ganen 6poj. Toram, narepsanor (L(X1, X, ..., X,,), U(X1, Xo, ..., X))
ce maperkyBa 100(1 — @)% mHTepBas Ha noBepba 3a HENO3HATHUOT mapamerap 0.
Bpojor 1 — a ce HapekyBa HMBO Ha moBepOa uiv BepOjaTHOCT Ha OOBepoOa.

NuTepBanure Ha moBepOa ce neduHMPAHU IPEKy paclnpenendara Ha CIydaj-
HruoT upumepok (Xi, Xy, ..., X,), HO BO mpakca, TWe Ce WMHTEPIPETUPAAT IMIPEKY
HaO/LY JyBaHUTE BPETHOCTU HA OBUE CJIydYajHUM MPOMEHJUBU OCTABAJKU BIEUYATOK
eKa BEPOJATHOCHOTO TBPIEH:E€ € BO BPCKa €O f, a He CO CIy4YajHMOT WHTEP-
BaJI. 3HauM, 3a JaleHa peaju3aluja Ha OPUMEPOKOT (Ii,Ts,...,T,), AHTEPBAJIOT
(L(x1, 29, ..., Tp), U(x1, 29, ..., T,)) WU K€ ja COAPIKU BUCTUHCKATA BPEAHOCT Ha O min
HEMa 14 ja COIPKM BUCTUMHCKATA BPETHOCT Ha 0, HO IpU MOBTOPYBamE HA EKCIIe-
pumenToT rosem 6poj maru, 100(1 — a)% onx nobuenure uHTEpBAIU KE ja COMPIKAT
BUCTUHCKATa BPEAHOCT Ha 6.

Hekoram ke moke na ce majme marepsad (L(Xy, Xo, ..., X,), U(X1, Xs, ..., X,,)) co
ocobuHA

P{L(X1, X2, .., X)) < 0 < U(X1, Xa, .., X))} =1— 0, (4.30)

3a cure 6 € ©, uiu co ocobuHa
P{L(Xl,XQ, ,Xn) << U(Xl,XQ, ,Xn)} ~1-—aq, (431)

3a cure 0 € O, koj ce maperkysa npubsarmkao 100(1 — a)% mHTEpBas Ha HOBEpOa
3a 0.

ITpumep 4.21. Heka (Xi, X3, ..., X;,) e mpuMepok koj oarosapa ua obemesxjeto X ~
N(u,1). Toram, /n(X, —u) ~N(0,1), ma 3atoa

P{-1.96 < v/n(X, — ) < 1.96} = 0.95,
IITO € EKBMUBAJIECHTHO CO

— 1.96 —
P{X,——<u< X,
{ Vn : "

Kazme X, € cpeauHara Ha TpuMepokoT. CJenCTBEHO, MHTEPBAJIOT CO KPAjHU TOUKH
X, £ % e 95% unTepBas Ha HoBepba 3a [L.

Ia 3abene:xuMe neka, ako obesnesxjero X MMa MaTeMATUUKO OUYEKyBame [ U
mucriep3uja 1 (He e HEONXOMHO Ja € HOPMAJIHO PaCHpelesieHo), TOTaIl O IeH-

TpaJiIHaTa I'PaHUYHa TeopeMa MMaMe,

1.96
——1} =0.95,
Vn

P{-1.96 < vn(X, — p) < 1.96} ~ 0.95,
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ako n e moBoaHO rojemo. (Cmopen rOpHMOT HAUYWH Ha paCyayBame, CIeon IeKa
UHTEPBAJIOT CO KPAjHU TOUKH X, + 1'—\/95 e mpubamkno 95% wuHTEepBaJ Ha HOBEpPOA
3a .

Moske ma ce mokaske meka ako obesexjeTro X mMMa MAaTEMATUYKO OUEKYBaHe [i
U Hemo3HaTa AUCIep3uja 02, TOTAIl 3a N JOBOJHO TojeMo (Bo mpakca, 3a n > 30),

UHTEPBAJIOT

Xn——F— Xn+ —F——
( NG T )

e mpubamxkno 95% uHETEpBaN Ha moBepba 3a ji, Kame S2 e KoperupaHaTa MUCTIED-
3ujara Ha OpUMEPOKOT (Toram S, € KOpermpaHa CTaHOaApOHA NEBUjaluja HA
IIPUMEPOKOT).

Ns6opor ma craructukure L(Xi, Xo, ..., X,) n U(X1, Xs, ..., X,,) rou ke bunar
JleBa, OMHOCHO JeCHA I'PAHNUIIA HA MHTEPBAJIOT HA NOBEPOAa HE e € THO3HAYHO OAPEEH.
Enna nocranka 3a onpenyBame Ha OBUE TPAHUI € TaKa HAPEYEHNOT MUBOT METO,
co KOj HajHampen ce ombupa meHTrpasmHa crarutuka 1(Xi, .., X,,0) 3a mapawm-
erapoT f Taka IITO

(1) pacupenenbara ua T(Xy,..., X,,0) He 3aBUCKH O OLEeHYBaHMOT mapamerap 0,

(2) 3a cekoj (z1,...,7,) € R" ¢pyuruujara T(xq,...,,,0) e HEIpeKUHATA U CTPOTO
MOHOTOHA ()yHKIMja 1mo 6.

Ce mokaskyBa neka kora pasenkarta 1 (1, ..., T,,0) =t e pemiusa 3a cekoj (T1, ..., T,) €
R™ u t on muOMkecTBOTO Bpemuoctu Ha 1(zy,...,7,,0), Toram 3a ceroj 0 < a < 1
MOKe JQla Ce KOHCTPyHupa MHTePBaJ Ha moBpepba 3a 6 co muBo Ha moBepba 1 — a.
Nwmeno, nocrojatr OpoeBu a u b Taka mTo

l—a=Pla<T(Xy,.., X, 0) <b},

3a cute f € ©. 3apaau TOPHUTE YCJIOBU, MOCIEAHOTO PABEHCTBO K€ MOKE Oa Ce
TpanchopmMupa BO 00JIUK

1—a=P{LXy,...X,) <0 <U(Xy, ... X)},

na uaTepBasor (L(Xy,..., X, ), U(X1,...,X,)) e 100(1 — )% unrepBas Ha nosepba 3a
mapamerapor 6.

IIpumep 4.22. Hera oGenexjero X nma U|0, §] pacupenenba, kane 6 > 0 e Henos-
mat mapamerap. Heka (Xi, Xy, ..., X,) e IpuMepok Koj omrosapa Ha 0bejeskjeTo
X. Makcumanno nomobern oneHyBad 3a ¢ e moapeneHaTa cTaTUCTUKa X(,) =
max{Xy,..., X, }. Toram, ¢ysximjara na pacupenenba ua craructukara I’ = X(,)/0
e

Fr(z)=2", 0<z <1

Npena CrojroBcka
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3akgyuyyBaMe OeKa CTaTUCTUKaTa 1’ e IMeHTpaJiHa CTaTUCTUKA 3a 6. 3a ma Hajaeme
100(1 — a)% wmuTepBan Ha moBepba 3a 0, Tpeba ma Hajaeme GpoeBu a U b Taka IMITO

X
P{a < én <b}=1-a.
Ouurnenso mocrojat GeckoHeyHO MHOTY m36opu 3a a u b. Moke ma ce mokaske
nmeka 3a a = o™ u b = 1 ce mo6UBa HAJKPATKHOT MOMKEH WHTEPBaJ Ha NOBepOAa.

Toj uarepBas Ha moBepba e
)

al/n

(X )-

IIpumep 4.23. Heka oGenexjero X ~ P(N), kame A > 0 e HemosHaT mapamerap.
Heka (X1, X, ..., X,) e npuMmepok Koj omrosapa Ha obenexjero X. MakcumayHo
nonob6en omenyBad 3a A € X,. Ilpu Toa, ox X = DX = )\ umame neka E(yn) =\
u D(X,) = \/n.

Bo caydaj Ha roseM IpuMEpOK, O 3aKOHOT Ha FOJIEMUTEe OPOEBU U HEHTPAJJTHATA
rpaHWYHA TEIpeMa, MMaMe IeKa

X, -5\ u %(yn—x) &L N0, 1).

On X, BEENSY caemu nexa \/ X, N V. Umeno 3a 0 < e < 2\/X,
P{\/ X0 — VA <} = P{(—e+VA)? < X, < (e +VN)?*} =

= P{2 —2eVA <X, — A <24+ 2:V0} > P{X,, — A < =2+ 2eVA} >

A/n
>1-
(—e2 4 2eV/X)2
NG

Conmano ce mokasysa 1 kxora € > 2v/\. Ilomaramy, ox ﬁ(yn -\ — disty N(0,1%) m

— 1, xora n — oo.

VX, L VA, kopucTejku ja Teopemara Ha Slutsky 3akaydyBame mexa

YRR ) B (0. 1),

Xn
Toram, 3a ueHTpaJIHa CTATUCTUKA 3a IapaMeTapoT A MOKe Ia ja 3eMeMe CTaTu-
turarta 1T = —( — A). Cera, 6apame G6poeBu a u b Taka mTO
n
P{a < v (X, =) <b}=1—-q. (4.32)

VX,
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Bunejéu cratucturara T' € acCUMITOTCKM HOPMAaJIHA CJAEIU HEKA

Pla < \/L_i(m —2) < b} ~ Bo(b) — Dola), (4.33)
X
xane $o(z) = [ #e‘qﬂ/zdu e JlamiacoBUOT MHTErpaJ, ma MOe Ja HajlIeMe CaMo
npubarker 100(1 — «)% unTepBan ma nosepba 3a A. [lomaramy, nmame neka

WX, av' X,

Pla< YT (X, - ) < b} = P{X, —

— <A< X, - 1, (4.34)
VX, Vn Vn
snaun npubamwxkanor 100(1 — )% waTepBad Ha HOBEpba 3a A €
- WX, — VX,
(X, — X, — VA (4.35)

v v

BpoeBure a u b ru ompenmenyBame O yCIOBOT Ia WHTEPBAJOT Ha moBepba e co
MUHUMAJIHA [OJLKMHA, OQHOCHO Dapame OpoeBu a u b Taka ma pasaukara b —a e
MuHEMaJHA Tpu yciaoB Pg(b) — Pg(a) = 1 — a. O cumerpujata Ha cTaHIADAHATA
HOpMaJIHA pacupenenada OKOJy HyJaTa 3akjydyBaMe neka 3a a = —b ce mobuBa
MHTEePBaJ Ha qoBepbOa cO MUHMMAJHA MOJLKAHA. Lorar,

l—a= (I)()(b) - (I)()(CL) = (I)(](b) - (I)()(—b) = 2@0(())

3uaun, Po(b) = (1 — a)/2, u Toram o3HauyBaMe b = U(1_q)/2, & = —U(1—a)/2, KAIE
D(uq) = a.

4.4.1 HWNurepsBaJs Ha moBepOa 3a BEepOjaTHOCT HA HACTAH

Heka macranor A ce peasusupa co HemosHara Bepojaraoct p = P(A). 3a na
HajaeMe WHTEpPBaJ Ha moBepba 3a p, To pasriexyBame oberneskjero X = [4 koe
nva Bepuymnuesa 0,1 pacnpenenba, omumocuo uma B(1,p) pacunpemenba. Hexka
(X1, Xs, ..., X,,) e mpuMepok Koj oarosapa Ha obenesxjero X. Toram, om nenTpadi-
HaTa TPAHUYHA TEOPEMa MMaMe IeKa CTATUCTUKATA

. X’L - K]
T — Z’Lzl np d t. _/\/’(07 1>’
vV 1pPq

Kage ¢ = 1 — p, UMa aCUMITOTCKU CTaHAApIHa HOpMaJsHa pacrpemeada N (0,1).
[Ta, BO ciyuaj Ha roJsieM IPUMEPOK, 3a IMEHTPAJHA CTATUCTUKA 3a P MOXKE Ia ja
3eMeMe cTaTUCTUKATa 1’ 1 Hej3uHaTa aCUMITOTCKA PacCIpenesida na ja KOPUCTUME
IpU U3BEAyBakeTO HAa MHTEPBAJOT Ha noBepba 3a p.
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Cera, Tpeba ma Hajmeme OpoeBu a u b Taka IITO

| — 0= Pla< 2= g 0) — Bola),
np(1 —p)
kage Po(z) = [ \/Lz—ﬂe_UQ/Qdu e JlammacoBroT mMHTerpaJ. 3apagd CUMETPUYHOCTA
Ha CTaHJapAHATa HOpPMaJHa paclpenenba OKOJy HuJIaTa 3eMaMe a = —b, U Of
1 —a = ®(b) — Po(a) = 2¢(b), MOke TPUOIILKHO da 3eMeMe JIeKa b = wU(1_q)/2 U
a = —Un_a)/2, Kage Po(ua) = a.

Orrako ru onpenuBme a u b, obaukor Ha npubamwkanor 100(1 — )% mHTEpBaK
Ha moBepOa 3a p ro ,IIO6I/IB&M€ Ha cJenHuoT HauuH. VIMeHo,

(Z?:l Xi — np)?

np(1 —p)

> i X
L= A \/np(l —p)

n n
= P{(n* - nu%lfa)/Z)pQ - (2n2Xz' + mb%ka)/z)p + (Z Xi)? <0} = P{p1 <p < P2},
i=1 =1
Ka e 2/9\1 nu ]/9\2 Ce COOABTHO IIOMaJIMOT 1 IIOTOJIEMHOT KOPEH Ha KBaApPaTHaTa PHBEHKA
o p

‘<U1a/2} P{

< u?l—a)/Q} =

(0 = = 3yl + (DX =0
=1 =1

1 GapaHMOT MHTePBaJ Ha noBepba e (Pi,D2), OJHOCHO

( n (Z?:l X; N U1 a2 \/ > i Xi(n Zz— X; ) ufy_ a)/2)

n 4+ u%l_a)/z n on Y(1—a) 4n?

n 2 n n 2
n - X, Uq_g - Xin—=> . X; Uiy _q
(Zzl i (1-a)/2 u(l—a)/Q\/ZZI ( szl i) a )/2))'

n+ “%1—00/2 n 2n n3 4n?

AsTepHATUBHO, 3a MEHTPAJHA CTATUCTUKA 33 P MOKE M1a Ce 3eMe CTATUCTUKATA

KOja ucTo Taka nma npubaumkao mHopmaara N (0, 1) pacupenenba. Bo Toj ciyuaj ce
nobusa noennocrased o6suk 3a 100(1—«)% uaTepBas na nqoBepba 3a mapamMeTapoT
p T.e.

Y

S b e

n

X; > X, "X
Zz 1 +'LL(1 a)/Q\/ =1 (1 Zz—l ))

n? n
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4.4.2 HWuTepBasu Ha noBepOa 3a mapaMeTpUTE Ha HOPMAaJIHA
pacipenejidoa

Bo cayuaj ma mMas mpuMepok, mpeTrnocTaByBaMe neka obenexjero X mma HOP-

masHa pacupenenta N (m,o?). Toram, ce KOPUCTAT TOYHUTE PaCIpeneIOu Ha IeH-

TpaJHUTE CTATUCTUKU 3a Haolame Ha MHTEPBAJUTE Ha moBepba 3a mapaMeTpuTe
2

mu o°.

Heka (X1, Xy, ..., X,,) e npuMepok kK0j oaroBapa Ha obGenexjero X.

(1) VarepBasn Ha moBepba 3a m Kora o’ e ImO3HATa

Bunosme meka cratuctukara X, uma N (m,o0?/n) pacupenenba, ox Kaue 3ak-
JydyBaMe JeKa 3a IMEeHTPAJHA CTATUCTUKA MOKE 14 ja 3eMeMe CTATUCTUKATA

7= AT N0, 1),

g

Bapame 6poeBu a u b Taka mro

l—-a=Pla< Xi%m\/ﬁ < b} = Py(b) — Dy(a),

kane Po(z) = [ \/%e"ﬂ/%lu e Jlamnacosuot uaTerpas. On paBeHCTBOTO
P{ <7”_m\/‘<b} P{X, b= <m<X,—a—}
@< ———Vvn = n—b—=<m n—a——="1,
o vn vn

sakiaydayBame neka 100(1 — «)% urrepBan Ha moBepba 3a m e

BpoeBure a u b ru onpenesyBaMe oI yCIOBOT Ia MHTEPBAJOT Ha NOBepbOa e
CO MUHMMAJIHA TOJLKUHA, OMTHOCHO ODapame OpoeBu a u b Taka ma pas3imkaTa
b — a e murmMasHa npu yciaoB Py(b) — Po(a) = 1 — a. On cumerpujara Ha
CTaHZApOHATA HOPMAJHA pacupeneiada OKOJIY HyJIaTa 3aKJIydyBaMe IEKa 3a
a = —b ce mobuBa mHTepBaJ Ha HOoBepba CO MUHMMAJHA OOJKWHA. lorar,

l—a= @0(1)) — CI)()(CL) = Cbo(b) — (I)()(—b) = 2@0(1))

3uaun, $o(b) = (1 — a)/2, n Toram o3zHauyBaMe b = U(1_a)/2, @ = —U(1—a)/2;
kane Pg(u,) = a.
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98

4. OnenyBame Ha mapamMeTpu

(2)

(3)

HMNuTepBas Ha noBepba 3a m Kora o’ He € IO3HaTa

Bo oBoj cnyuaj 3a nmeHTpaJiHa CTaTUCTUKA ja 3€éMaMe CTATUCTUKATA

X, -
ng—m\/n—lwtn_l.

n

Bapame 6poeBu a u b Taka mTo

l—a=Pa < S =1 < b}. (4.36)

Onm paBeHCTBOTO

S _
P < \/ l<by=P{X, - b——<m< X, —a——
{a e e T

sakiayuyBame meka 100(1 — a)% unTepBas Ha moBepba 3a m e

— S — S
X, —b—m—. X, —a——
( vn—1 a\/n—l

BpoeBute a u b ru onpenesryBamMe om yCIOBOT Aa MHTEPBAJOT Ha HOBepba €
CO MUHMMAJIHA MOJIKWHA, OMHOCHO Oapame OpoeBu a u b Taka ma pasJjnKaTa
b — a e munnmasna npu ycioB (4.36). On cumerpujara HA CTYIEHTOBA PAC-
npenesnba OKOJY HyJaTa 3akIydyBaMe OeKa 3a a = —b ce moObuBa MHTEPBAJ Ha
noBepba co MUHMMAJIHA HOJKMHA. Toram, paBeHcTBoTO (4.36) mpemunyBa
BO

).

1—azpﬂ§%;ﬂwn—u<b}:1—Pﬂ§%;TVn—HZb}

n n
OsnmauyBame co t,, 6poj 3a koj Baxu P{|t,| > t,.} = a, kamge t,, e cay4ajua
IPOMEHJIMBA CO CTYAEHTOBa pacrpenesnba co n cremeHu Ha caobona. Cnopen
TOQ, b=1,_1, T a=—t,_1,.

WNurepBaa Ha moBepba 3a 0? Kora m e IMO3HATO

, . 2 1 n o 2
[oarajéu on paxror mexa S; = —< > " (X; —m)® e HeIpUCTPaCeH ONeHyBaY
3a 02, MOske ma He "uHCIUpuUpa’ [a 3a INeHTPaJHa CTATUCTUKA BO OBOj CIyUaj
ja 3eMeMe CTATUCTUKATA

> (Xi — m)? —~ Xi—m 2 2
R
i=1
Bapawme Gpoesu a u b (a,b > 0) Taka mro
X, —
> i (X —m)? < b}

l—a=Pla< 2
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Onm paBeHCTBOTO

> iy (X —m)? b= P{Z?l()[iz‘ —m)? o2 D i (Xi — m)Q}’

<
o2 a

P{a <

sakayuyBame neka 100(1 — )% unTepsasa Ha mosepba 3a 02 e

(Z?:l (Xl - m)2 Z?:l (Xl - m)Z)
b ’ a ‘

BpoeBute a u b ru onpenenyBaMe O yCIOBUTE

2

p{Z?ﬂ(f; M ) —af2u P{Z?ﬂ(f; —) L) = a2

Axo ozHaumme co X, , 6poj 3a koj Bamu P{x2 > x; ,} = «, Kale x; e ciydajHa
poMeHsIUBa o X pacmpenesnba co n cTeleHu Ha cI0604a, TOTall UMaMe JeKa

a= X721,1—a/2 ub= X721,a/2'

(4) NarepBan Ha nosepba 3a ¢° Kora m HE € MO3HATO

Sa OEeHTpaJIHa CTAaTUCTUEKA 3a O'2 ja 3eMaMe CTaTUCTHUKaATa

—2
nsS,, 9
~ Xn—l'

T = =

Toram, 6apame 6poesu a u b (a,b > 0) Taka mro

ns.

l—a=Pla< 02”<b}.
O paBeHCTBOTO
—2 —2 —2
S S S
P{a<n2" <b} = P{0n < 52 < POy
o b a

saknyuyBame neka 100(1 — «)% unTepBan Ha nosepba 3a o e

<n§i n§i>
b a
Bpoesure a u b ru onpenesryBaMe Ol yCJIOBUTE
—2 —2
nsS,, ns,,
P{ = <a}=a/2u P{ = > b} = /2.

Toram, umame Keka a = x> _, Lapub= X2, a)2"
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5

TecTupame Ha XUIIOTE3U

5.1 OCHOBHU HOMMMU

Yecto nmpu 3abenexyBame HA BPEIHOCTUTE Ha obeserxkjeTo X mpu HEKOE UCTPaKY-
Bame, obesexxkeTo X He e MOTIOJIHO onpeneaeHo. Bo Toj ciayuaj ce jaByBa moTrpebda
OJl IOCTAaBYBame Ha OAPENeHN NMPETIOCTABKA BO BPCKA CO HEKOUM CBOjCTBA HA CJY-
vajaaTa npoMmenauBa X . OBue NpeTIOCTABKU Ce HAPEKYyBaaT CTATUCTUYKN XUIIO-
Te3U, a IOCTAaIKaTa 3a IOHECYBaHE Ha OMIYKa 3a Ipudpakame WIN OTPpiame Ha
CTATUCTUYKATA XUIIOTE3a Ce HAPEKYBa TECTHUPAKHE HA CTATUCTUUKA XUIMOTE3a.

Hexka P = {F(z,0) : § € ©} e pamuaujara on HOIYyCTIWBU Dacupenesdy Ha
obenexjero X. Xwumore3mTte KOU T'M (UKCUpPaaT BPEAHOCTUTE HA HETO3HATUTE
mapaMerpu f mam ro HamMaJyBaaT HPOCTOPOT Ha mapaMmerpu O ce HapeKyBaaT
mapaMeTapCcKy XUIIOTe3u. XUIMOTEe3UTe KOU HE 3aBUCAT O] HEIO3HATUTE TapaMeTpu
ce HapEeKyBaaT HemapaMeTapCKU XUIIOTE3WU.

IIpumep 5.1. [Ipumepu 3a mapaMeTapCKyd XUMOTE3U:
(a) OGenesxjero X mMa MATEMATUYKO OUYEKYBaHE M > My.

(6) Obenesxjero X koe e pacupeneneno cnopen [loaconoB 3axkon Ha pacupenenba
“Ma MaTEeMaTUYKO OYEKYyBame €HAKBO Ha HAJeH OpOj Ag.

() Hopmanuo pacnpenenennte obenexja X m Y co mucnepsum o3 = 0% = 0

“MaaT €IHAKBUA MATEMATUUYKU OUYEKyBarmha T.e. Mx = My.
[Ipumepn 3a HEmapameTapCKu XWUIOTE3U:
(r) OGenexjero X uma P(2) pacupenenba.
(n) OGenesxjero X mma HOpMAJIHA pacupenenda.

(r) ObGenexjara X u Y ce HE3aBUCHWU.
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Ako craTucTMYKaTa XUIOTE3a €IHO3HAYHO ja OmpeneiiyBa pacupeneinbara Ha
obGeseskjero X, Toram Taa ce HapeKyBa MPOCTa XUIOTe3a. BO CIOTUBHO, aKO CaMO
ja HamaJsryBa ¢aMmiamjaTa Ol JONYCTJIWBUA pacIpenesidon, ce HapeKyBa CJIOMKeHa
xunore3a. Taka, xunoresure (6) u (r) ox IIpumep 5.1 ce mpocTu, ocraHarure ce
CIIOKEHU.

Heka H, e xumnore3a 3a obenesxjero X Koja cakaMme na ja Tectupame. EnHa
Ol 3aJaunTe Ha MaTeMaTUJYKaTa CTATUCTUKA € Ja BP3 OCHOBA HA peayil3alujaTa
(1,22, ..., x,) Ha mpumeporor (Xi, Xy, ..., X,) HOHece ommyka 3a mpupakame WIN
ordppiame Ha xunore3arta Hy. IIpaBumioTo co Koe Bp3 OCHOBa Ha peaJsr3alujaTa
(21, 2, ..., T,) HA puMepokoT (X1, X, ..., X,,) ce omnyuyBa nanu ja npupakame uiu
ordpiame xumoresara Hy ce HapekyBa cTaTUCTUYKU TecT. CO CTATUCTUUYKUAOT
TECT Ce MpOBepyBa maju peanusanujata (Ti,Ta,...,T,) € C, OpU MTO MHOKEC-
rBoro C C R™ ce HapekyBa KpUTHUYHA 00JIACT, U ako (T, T,...,T,) € C Toram
xunore3ara H, ce or¢ppaa, a ako (r1,s,...,x,) ¢ C, Toram xunore3ara H, ce
npudaxa.

Enna kapakrepucTuka Ha CTATUCTUYKUOT TECT € HUBO HA 3HAYAJHOCT HA
tectot « € (0,1), Koe ce medpuHUpPaA KAKO TOPHA FPAHUIA HA BEPOjaATHOCTA Ia IIPU-
mepokrot (X7, Xo, ..., X,,) npuma Bpennoctu ox kpuruunara obaact C, nmpu ycios
xurnore3ara Hy ma e TouHa, OIHOCHO

P{(Xl,XQ, ,Xn) < C|H0} <a. (51)

Hajmanara BpemHocT Ha « 3a kKoe e mcmosHeT yciaoBoT (5.1) ce HapekyBa roJre-
MUHA Ha KpuTu4dHaTa obJsiact C miu rojleMrHA HAa TECTOT.

[Ipu TecTupame Ha XUIOTE3U OPOJjOT (v OMHAIPE I'O 3aAaBaMe CO TOAa MITO 3a
3emame "Masm’ BpemHoctu, Ha npuMep o = 0.05 unau o = 0.01. Vmeno, Bo cayuaj
Ha MaJIi BPEIHOCTU 3a (v IPUPOIHO € ma ce oTdhpJsu xunore3ata Hy KakKO HETOYHA,
ako (x1,xa,...,xr,) € C, 3aT0a mro toram #HactaHor { (X1, Xo, ..., X,,) € C|Hy} ke uma
MaJia BEPOJaTHOCT.

[Ipupakamero mHa xunoreszara Hy o3HaUYyBa Aeka Mery peaju3anujaTa Ha TPU-
MEpPOKOT M TEeOPUCKaTa pacupenenba Ha obeexkjeTo Ha NAMEHO HUBO HA 3HAUYA-
JHOCT He TOCTOM 3HAUMTEJNHO OTCTamyBame. HO, MCTO Taka BaKM U J€Ka IPU
npudakame Ha xunoresdara H, He MOpa Ja 3HAYM OEKa Taa € TOYHA, NOAeKa Mak
IpU HEj3UHO OT(PJIake MOKHO € Taa Aa € TOYHA.

Kpuruunara obnact C' 0OUUHO € ompemesHa cO MOMOII Ha HEKOja T€CT CTATUC-
tuka T, = T,(X1, X, ..., X,,). 3a TecT CTAaTUCTUKATA OIPETIOCTABYBAME NEKa € MO03-
HATA Hej3MHATA TOYHA pacupenenba (uiam npubimkHa pacrpenenba Ipu roJgeMu
Bpennoctu Ha n). Aro Hy e ciokeHa XUIOTe3a NpeTnocTaByBaMe IeKa Pacipene’-
OaTa Ha TECT CTATUCTUKATA € UCTA 3a CUTE pacupenesidbu Ha obenesxjeTo obdaTeHn
co xunore3ara Hy. VImeno, Tect craTucTukaTa ro KapakTepU3nUpa OTCTAILYBAMHETO
Ha peajun3anujaTa Ha TPUMEPOKOT O MPUPOIHO OUEKYBAHATA BPEIHOCT, MO IPeT-
nocraBka Hy mga e TouHa.
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Xwunoreszara Hjy Koja ce Tectupa OOMYHO ce HapeKyBa HyJTa xumore3a. Jlo-
[eKa, MpeTIocTaBkara 3a obue:xkjero X €O KOja Cce MPETIOCTaBYyBa HEMITO KOE He
e obdareHo co HyJTaTa XUIOTE3a, & Celak € NOIYyCTIUBO, Ce HAPEKyBa ajITep-
HATWBHA XMIIOTe3a U ce o3HauyBa co H;. Bo cayuaj Ha orppiame Ha HyaTaTa
xunoresa Hy, anrepHaruBHaTa xunore3a H; ce mpugaxka.

[Tpu TecTupame Ha enHA UCTA CTATUCTUYKA Xunore3a Hy MOxke ma ce KOpuUcTar
PA3JIMYHU TECTOBU, OAHOCHO Pa3iIN4HN KpuTnduHu obnactu. TecroBure MeryceGHO
ce cmopemyBaaT CIOpeJ HAIPABEHUTE I'DEIIKU Ipu oTdpiame Ha Hy Kora taa e
TouHa (rpemka on mpB Bua) u npudpakame Ha Hy kora e touna H; (rpemka
on BTop BmA). AKO BepojaTHOCTA 3a IpEMIKa O IPB BUI ja O3HAYNME CO (¥ U
BEPOjaTHOCTA 3a T'PEIIKa Ol BTOD BUI ja O3HAUMME CO [J MMaMe IeKa

a = P{(Xl,Xg, ,Xn) S C|H()} = P(){(Xl,XQ, ,Xn) € C}, (52)

B = P{(X1, Xo, .., X») ¢ C|H,} = P{(X1, Xo, ..., X) ¢ C}. (5.3)

[ToskenHO e rpemknTe O IPB ¥ BTOP BUA Aa OUAAT MITO € MOKHO nmomasu. Meryroa
0OMYHO CO CMaJIyBake Ha T'pEemKaTa Ol MPB BUM Ce 3r0JeMyBa I'DEIIKATa O BTOD
BUI. J3aToa, MOCTAIlKa 3a M30upame Ha KpuTuUdHaTa obiacT e ciaemmara: Haj-
HaIpen ce (UKCUPa BEPOjaTHOCTA 3a TPENmKa O NIPB BUMA (, a MOTOA Mery CUTe
KpUTUYHU OOJACTU CO TOJIEMUWHA « Ce M30upa OHaa 3a KOja BepojaTHOCTa 3a
TPEIKa Ol BTOD BUI [J € MUHUMAJIHA.

BepojaTHocTa 3a mpaBuimHO oTdpiame Ha H, xora H; e TouHa ce HapeKyBa
MOK HA TE€CTOT U C€ O3HauyBa CO P T.e.

p=P{(X1,Xs,...X,) €C|H} =1—B. (5.4)

[Ta, 3apamu mperxomHaTa AUCKYCHUja 3a HAUYMHOT Ha M30Upame Ha KPUTUYHATA
obmacT, MOKe Oa KakeMe IeKa CO Taa IOCTalKa CMe A0o0uie HajMOKEH TeCT 3a
omHAIIPEI HadeHa BEPOjaTHOCT 3a T'PEIIKa O MPB BUI (.

5.2 Tectupanme Ha MapaMeTapCKU XUIIOTE3U

Heka P = {F(z,0) : 0 € O} e pamMmunujara o1 DOMYCTINBUA pacupeneadon Ha obemex-
jero X, rame # e memo3naT mapamerap u © e IPOCTOPOT On mapaMmeTpu. EaHa
mapaMeTapcka xumoTesa uma obsuk Hy : 0 € ©g, rame Oy C ©. Aro Oy e en-
HOEJIEMHTHO MHOKECTBO, Toram Hy e mpocrta xunoresa. llpu tectupame Ha HyJI-
tara xunoresa Hj, 3a ajTepHATUBHA XWUIOTe3a ce 3eMma xumnoresata Hp : 0 € Oy,

Ka e @1 - © \ @0.
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5.2.1 Hejman-IInupconos Tect

Heka oGene:xjero X mma ¢yurumja wa pacupenenba F(z,0), rkane 6 e HenosHat
mapamerap. Carkame ma ja Tectupame HyJTaTa OpocTa xumoreda Hy : 0 = 0y,
HACIIPOTHU ajJTepHATUBHATA mpocTta xunore3a Hy : 0 = 6. Ilpu Toa, nenra Hu e na
HajaeMe HajMOKEeH TeCT 3a OJHAINPEn AaleHa BEPOjaTHOCT 3a T'PEIIKa O MPB BUI
a. Oprosop Ha oBa mpamame Hu naBa Jlemara ma Hejman-Ilupcon.

Teopema 5.1 (Jlema ma Hejman-Ilupcon). 3a cexou n € N u « € (0,1), nocmou
peanen 6poj ¢ € R, makxa wmo npu mecmupamwe wa Hyamama zunomesa Hy : 0 = 6,
npomue asmepramuenama runomesa Hy : 0 = 01, moxce da ce najoe najmoren mecm
co onmumanen kpumuider domer Cy 00 004Uk

L(zx;6,)

L(z;6o) =

CO = {I = (1'1,.1'2, ,$n> :

kade L(xz;0) e gynrkuyujama na nodobrocm na npumepoxom (X, ..., Xy).

Jloxka3. Iloka3oT Ke ro m3BeneMe 3a aICOJYTHO HENPEKWHATO obeiexje X co
ryctuna Ha pacupenenta p(z;f). Heka (Xi,...,X,) e npuMmepok co romemuna n
KOj oAroBapa Ha obenexjero X. Ke mokaskeme meka 3a o € (0,1), mocrou ¢ € R
TaKa IITO

L(Xl, ceey Xn, 91)
L(Xy, ..., X5; 6p)

mTo Ke 3Hauu JdCKa 3a OaJ€HO HMBO Ha 3H&‘-I&jHOCT Ha TECTOT &x IIOCTOMU KPUTUYECH
JOMEH CO roJIEeMMWHa @ O OOJIUKOT

Pof

>c} = a, (5.5)

L(x;0,)

{z: T(z.00) > c}. (5.6)

[ToToa %e ja MOKaskeMe HEroBaTa OMTUMAJHOCT.
L(X1,00, X030 : ,
Ilepunupame h(c) = PO{M > c}. dyurumjara h(c) e onarauvka u BasKu

X1,..,Xn300
h(0) = 1. 3a cekoj ¢ € R o3nauysame A. = {z : % > ¢} C R". Toram,
L(Xy, ..., X,;01) /
1 > P = L(z;0y) dx >
= PR Xl ), M)z

L(X1, oy Xoi 00)
> L(z:6,) dx = ¢ P —ch
= C/AC (w5 00) do = c O{L(Xl,...,Xn;QO) ¢ he),

ox raze cmenu aeka h(c) < 1 3a ceroj ¢ > 0, m lim. o h(c) = 0. Ila, ako h(c) e
HelpekrHaTa (yHKIUja, Toram 3a npoussBoieH « € (0,1) mocrou ¢ € R Takos mro

h(c) = a.
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Onrumansocra Ha KpuTUUHUOT noMeH Cy co romemusaa « o1 obsukoT (5.6)
ja moraskyBame Ha ciemHroT HauwmH. Heka C' e mpom3BOJIEH KPUTHUUYEH AOMEH CO
ronemuna o. Axo P{(Xi,...,X,) € CACy} =0,' roram Basku neka

Pl{(Xl, ,Xn) S C} - Pl{(Xl, ...,Xn> € Co},

OJHOCHO

PU(X1, -2 Xo) € C) = P(X1, . X,) & Co). (5.7)
Hera Pi{(Xy,...,X,) € CACy} # 0. Toram, mvame

P{(Xy,..,X,) € C} = /CL(Q:; 0,) doe = /c L(z;0y) dx +/ L(z;6,) du.

NCop Cmcio
Canymno,
P{(Xy,...,X,) €Co}t = | L(x;0,) dx = / L(z;6,) dz +/ L(z;6,) dz.
Co ConC Coﬂé

Co o3€eMalh€ Ha IMOCHETHUTE ABE PaBCHCTBa ,E[O6I/IBaMe

P1{<X1, ,Xn) - O} - Pl{(Xl, ,Xn) < C()} -

= / L(z;6y) dx —/ L(z;6,) dx <
CcNCy ConC
< c/ L(z;0y) do — c/ L(z;6y) do =
CNCy ConC

= ¢ </ L(x;60y) dx +/ L(x;0) do —
CQCT) CnNCy

—/ L(z;6y) dz —/ L(z;6y) d:c) =
CNCy Coﬁé

= c </CL(1:;00) dm—/co L(z;6p) dx) =

= c(a—a)=0,
o Kale cilenyBa HOEKa
Pl{(Xh 7X’n) S C} < Pl{(Xb 7Xn) S OO}a

OJHOCHO

P{(X1,...X,) ¢ C} > P{(Xy,..., X,) ¢ Co}. (5.8)

On (5.7) u (5.8) 3aknyuyBaMe Ieka BepOjaTHOCTA 3a T'PEMIKa OJ BTOp Bum [ e
HajMaJia aKO 38 KPUTUYEH NOMEH cOo rosemuHa « ce 3eme Cy on obnuk (5.6). m

Crnenaure mpuMepu ja mokaskyBaaT npumenara Ha Jlemara ma Hejman-Ilupcon
nIpu Haolame Ha HAjMOKHU TECTOBWU.

LCACy = (CUCh) \ (CNCy) =(CNCo)U(CNCh)
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ITpumep 5.2. Hera oGenesxjero X mma N (m, 1) pacnpenenba, Kame m e HEIO3HAT
napamerap. 3a JaleHa TOJEeMUHa Ha HIPUMEPOKOT 1 U HUBO HA 3HAYAJHOCT (Bepo-
jaTHOCT 3a rpemka ox NpB BUA) «, co npumMeHa Ha Jlemara ma Hejman-Ilupcon ke
KOHCTpyUpaMe HajMOKEH TEeCT 3a MPOBepKa Ha xumoreszara Hy : m = mgy, IpOTUB
Hy : m =mq, xora my < m;.

'yctunara ma pacupenenda Ha obenexjero X e

1 (z—m)?

e~ 2

px(x,m) = W ,

3a x € R, on kane nobuBame neka (QyHKIMjaTa Ha IOJOOHOCT €

n

L, m) = (2m) ™2 expl—5 3w~ m)?),

=1

3a © = (x1,22,....,7,) € R". Ila ro mpecmerame KOJUYHUKOT Ha (yHKIUUTE Ha,
MOMOOHOCT 3a M = My U M = Mgy, OTHOCHO

Lizsmy) _ exp{=3 30 (&, — my)’
L(z;mo)  exp{—35 > i, (x; —mp)?

}:
}

1 — = n
= eXp{—§ Zl((l'z — m1)2 _ (:UZ — m0)2)} = eXp{(ml — mo) le'z — E(m% — m(Q))}
1= 1=
Cnopen Jlemara na Hejman-Ilupcon 3a manenoro « € (0,1) moctou ¢ € R Taka
IITO ONTHUMAJHUOT KPUTUYEH MOMEH MMa OOJIMK

Co={x = (21,29, ...,2,) :

L(zymy)
HepaBenctBoTO 7% > ¢ € €KBUBAJEHTHO CO
L(x;mo)

(m1 —mo) Zﬂ% - g(mf —mg) > Ine,
=1

. 7 n —
IIa UMajKu BO IPEABUI OeKa Y ., L = NT 1 mi—mgy > 0 (0X yCI0BOT mera my < my),
nmobusaMe
. Inc 1
T>——+ —(my +my) = co,
n(my —mg) 2

OOHOCHO OITHUMAQJJHMOT KPUTUYECH JOMEH MNMa O6HI/IH
Co={x= (21,29, ....,2,) 1T > o},
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kagme ¢g € R ce maora on ycmosor P{(Xy,..,X,) € Cy|Hy} = a. DBunejém mon
npernocraska Hy na e rouna X, ~ N(mg, 1), on xane /n(X, —mg) ~ N(0,1), n
3aTOA MMaMe JEeKa

o = P{(Xl, ,Xn> - Co|H0} = PO{Y?’L Z C(]} =

1

= Po{v/n(X,, —mg) > V/n(co —mo)} = 5~ Dy (v/n(co — mq)),

x _n2
kazge Oo(z) = [, \/LQ?@ “/2dy e muTerpasoT Ha Jlamiac uum BPENHOCTH CE UMTAAT

on Tabauna. 3HAYW,
1 1 -2«
Co = My + —nq)al(

NG 2

BepojaTrocTa 3a rpemka oma BTOp BUI €

).

6 = P{(Xl, ,Xn) ¢ C()|H1} = Pl{yn < Cg} =

= PR — ) < Vitleo — )} = & + @/ — my)) =

2
B % + ®o(vn(mo —m) + q)al<1 _2206))'

Ia 3abene:xkuMe mexa, ako Mg > My, TOMAIl ONTUMAJHUOT KPUTUUYEH HOMEH Ke

rMa OOJIMK
Co={x= (21,29, ....2,) T < o},
KaJe
. 1 2a—1
Co = My + _(I)O (

\/ﬁ 2 )7
U BEPOjaTHOCTA 3a TPEIIKa O BTOP BUI Ke Oume

5= 5 = @il — ) + &5 (2.

Ha nmpumep, nmpu tectupawme Ha Hy : m = 0 mpotuB H; : m = 1 co HUBO Ha
3aayvajaoct o = 0,05, Bp3 ocHOBa Ha MaJleHa HMW3a CTATUCTUYIKU TOMATONU L1, ..., Tn
co roamemmua n = 100, KpuTUYHATA BPEOHOCT Cjy €

1 1 -2« 1 1,1 —=2-0,05

— B e Y Gl | ® -
0 m0+\/ﬁ°(2) +100°( 5 )

1 1
= —&;1(0,45) = — - 1,645 =0, 164
i 51(0,45) 1,645 =0,1645,

3HaU OIITUMAJHUOT KPUTUYCH OOMECH €

Co={z:7>0,1645}.
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Iloronky 3a JameHuTe nmomaTonu Baku T > 0,1645, Troram H, ce ordpia, BO cupo-
TUBHO, Taa ce npudaka. BepojaTrHocra 3a rpemka on BTOp BUI €

1 1-2 1 1-2.0,05
B = 5+ Do (v/n(mo — my) + By ( 5 ) = 5 ®o(v/100(0 — 1) + @gl(—z )) =
1 1 1 1 1

= 5T (10 + D;(0,45)) = 5+ Po(—10+1,645) = 5 + B(~8,355) ~ 5 — - =0.

ITpumep 5.3. Hera oGenexjero X nma £(N\) pacupenenba, kaxe A > 0 e Heno3HAT
mapamerap. Heka ce mameHu rojeMuHaTa Ha TPUMEPOKOT N ¥ HUBOTO Ha 3HAUYA-
juoct a. Cnopen Jlemara na Hejman-Ilupcon mocrou HajMOKeH TeCT 3a MPOBEPKA
Ha xumnoresara Hy : A = Ay, mpotuB H; : A = A, Kora \g < A, KOj ce Haora Ha
CcAemHUOT HaumH. bumejkm rycruHara Ha pacupeneiaba na obeaexjero X e

1
z, Y —J:/)\
Pl A) = g
3a x > 0, nobuBame meka (yHKIMjaTa Ha MOHOOHOCT HA mpuMeporoT (Xi, ..., X,) e

1 1 n
L, \) = qpemx =i,

3a z; >0, ¢=1,...,n. Toram, KOMUIYHUKOT HA (YHKIUUTE HA MOJOOHOCT 3a A = \;
uA=\ e
L(z; M)
L(z; \o)

Cnopen Jlemara na Hejman-Ilupcon 3a manenoro « € (0,1) moctou ¢ € R Taka
IMTO ONTUMAJHUOT KPUTUYEH NOMEH UMa OOJIUK

= (Xo/A1)" exp{( —0 -1 sz}

Co={x = (21,29, ..., 2,) :

L(z;M1)
L(z;X0)

HepaBencrBoTO > ¢ € eKBUBAJIEHTHO CO

R — sz>ln (A /2o0)™),
Ao i=

u bennejkn )\LO — /\il > 0, o yCIOBOT Ay < A1, MMaMe OeKa IIOCJIETHOTO HEPABEHCTBO

€ €EKBUBAJICHTHO Ha

1 = Co,

ixi Z ln(Cl()\l/Ao)n) _

i=1 Ao A1
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OJHOCHO ONTUMAJHUOT KPUTUYEH NOMEH nMa OBJIUK
n
Co={x= (21,29, ..., 2,) : E T > ¢}
i=1

Bpojot ¢y € R ce maora ox ycmosor P{(X, ..., X,) € Co|Ho} = a. Kora Hy e Touna,
umame nexa y . X; ~ ['(n,\) u /\% St Xi ~ x5, (morasu!). Ila, ¢y ro mHaorame
on

260
a = P{(Xi,...,Xy) € Co|Ho} = PO{ZX > ¢} = Po{ ZXz =W
Ol Kajie 3aKIydyBaMe JeKa 52 = X3, ., OMHOCHO ¢o = 4X3,,. (Ila ce morcermme

IeKa €O Xo , TO O3HadyBaBMe OpojoT 3a koj Bamu P{x, > xi,} = a, kaze x; e
cllydajHa IPOMEHJMBA €O X2 pacmpenenba co n CTENeHu Ha cI060aa U KOj ce uuTa
o Tabauna)

BepojaTHOCTa 3a Tpemka ol BTOP BUI €

5 = P{(Xl, ,Xn) ¢ C()’Hl} = Pl{i Xz < Co} =

2 — 200 2¢o 2 — o 2
Y <2y p zxz S PRS2 ),
1{)\1 p } 1{ - )\ 1{>\1 — )\ Qna
OIHOCHO O 3 € TAKBO MTO X3, 5 = 3 X3p.a-

5.2.2 PamHOMepHO HajMOKHU TE€CTOBU

Hexka P = {F(z,0) : € O} e pammaumjara ox JOIyCTINBU pacupenendn Ha 06eek-
jero X, rame 0 e memosmar mapamerap mu © C R e mpocTopoT o4 mapaMmeTpu.
[IpernocraByBame meka 3a mpousBodHU y,0; € © 3am0BOJIEHU Ce YCIOBUTE O
Jlemata Hejman-Ilupcon, T.e. Moxke ma ce ompenenm ONTUMAJEH KPUTUYEH TOMEH
Co = Co(a, 6p,01) C R co romemuna « 3a TrecTupame Ha xunoresara Hy : 0 = 0y npo-
tuB Hy : 6 = 0. Aro Cj He 3aBucu ox BpemHocTta Ha mapamerapor 6 € O\ {6y},
torai MHOkecTBOTO )y ce HapeKyBa paAaMHOMEPHO OINTHMAJIEH KPUTUUEH IOMEH
3a Tectupame Ha xumoresara Hy : 0 = 6y mporus H, : 0 € ©\ {0y}. Coonser-
HUOT CTATUCTUYKUA TECT € HAPEKyBa PAMHOMEPHO HAajMOKEH TecT. MHOry uecTo
PAMHOMEPHUOT HAJMOKEH TECT MOCTOU CAMO IPU TaKa HAPEUYEHU €IHOCTPAHU AJI-
TepHATUBHU XuUnore3u on obauk H, : 0 > 0y unu H : 0 < 6.

IIpumep 5.4. Heka obenexjero X mma N (m, 1) pacupenenba, kame m € HENO3HAT
napamerap. Bo Ilpumep 5.2 BumoBMe meka ONTUMAJHUOT KPUTUYEH TOMEH 34
Tectupame Ha Hy : m = mg npotuB H; : m = m; 3aBucemnie ox BpcKaTa Mery my
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u my (ce noOuBaa Pa3iUMYHU ONTUMAJIHU KPUTUYHU JOMEHU, KOra My < 1] U KOra
mo > my). Toa 3HAUM meka BO OBOj ciyuaj He IMOCTOM PAMHOMEPHO ONTUMAJIEH
KPUTUYEH OMEH pu Tectupame Ha Hy : m = my nporus H; : m # my.

Ho 3aToa, paMHOMEPHO ONTUMAJHUOT KPUTUYEH JOMEH IIPU TecTupame Ha Hj :
m = my nporus H : m > mg e Cyp = {z = (21,29, ...,7,) : T > ¢}, Kame ¢y =

mo + \/%7(1)51(1_22“). CauyHo, ONTUMAJNHUOT KPUTHUUYEH TOMEH IPU TecTupame ua Hy :

m = mg upotus H; : m < myg e Cy = {x = (21,29,...,2,) : T < ¢}, Kame ¢ =
m0+\%ﬁ@a1(2a2—1)

5.2.3 TecroBu co KoepuUMEHT HA TONOOHOCT

Heka P = {F(z,0) : € O} e pamunujara ox JOIyCTIUBU pacupeneidn Ha 06eIek-
jero X, rame 6 e Heno3zuaT mapamerap u © e mpocropoT ox mapamerpu. [lpu Te-
cTupame Ha npocrara xunoresa Hj : § = 0y nporus npocrara xunoresa H; : 0 = 6,
OATrOBOP Ha MIpAallameTo 3a HajMOKeH TecT HU naBa Jlemara ma Hejumam-Ilupcomn.
Bo cayuaj kora Oapem emHa On XWUIOTE3WUTE, HYJITATA WIN aJTEPHATUBHATA, €
CIIO}KEHA 3a Haorame Ha KPUTUUYHA ODJaCT CO rOJEeMUWHA (¢ C€ KOPUCTUA METONOT
CO KOe(UIIMEHT HA MOOOOHOCT KOj MpEeTCTaByBa €IeH BUI HA OOOMNIITYBame Ha
tectoT Ha Hejman-Ilupcown.

[Ipu Tectupame mHa HysaTaTa xunoreza Hy : § € ©y mpoTuB ajTepHATUBHATA
xunore3a Hy : 0 € ©1 co MmeTonoT cO KOePUIMEHT Ha MOTOOHOCT Ceé KOPUCTU TECT
CTATUCTUKATA

maxgpeo, L(X1, ..., Xn; 0)
maxgee L(X1, ..., Xp;0)

Koja ce HapekyBa koe¢punument Ha momodHocT (LR - likelihood ratio). Ila 3aGe-

AX1, o X)) = (5.9)

o~

nexxrMe neka ako f e takBo ma maxgeo L(Xy, ..., X,;0) = L(Xy,..., X,;0), Toram 6
e ML omenyBau 3a mapamerapor . Wcro taka, ako Hy e mpocra xumores3a T.e.
O = {0y}, Toram maxpece, L(X1, ..., Xn;0) = L(X1, ..., Xpn; 60p).

3a KOe(UIMEeHTOT Ha MONOOHOCT BaKU

0 < Az, .oymp) < 1.

Bepojatnocra neka BpemHocra Ha A(xq,...,T,) € TOJeMa, € MOrojJeMa TOorall KOra
xumoreszara Hy e Touna m ob6parTHO, Taa € peJaTUBHO MaJa kora Hy He e TouHA.
3aroa, pa3ymMHO e KpuTuuyHaTa obsact C' ma ce ombepe Taka ga I'm COAPKU OHUE
BPEIHOCTU HA T = (I, ...,Ty) 38 KOU COOABETHUOT KOE(PUIMEHT HA MOJOOHOCT HE €
noroseMm oxn maneH 6poj ¢ (0 < c¢<1) r.e. uma o6aUK

C={r=(v1,...,xn) : M1, ..., x,) < ¢}

[Tocramkara 3a HaOrame HA KPUTUUEH JOMEH CO TOJIEMUHA (v CO METO CO Koehu-
IMEeHT Ha TOMOOHOCT € na IpU OadeHW BPEeAHOCTU Ha IOJeMUHATa Ha IPUMEPOKOT
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n 11 HUBOTO Ha 3HaqajHOCT Ha TECTOT (¢ Ce Haora BpPEOHOCTa Ha KOHCTaHTaTa C O

YCIJIOBOT Ia
max P{\(X1,..., X,) < c¢} = a.

[US(SH

Kora mynrara xunoresa Hj e mpocTa, 0BOj yCJIOB IPEMUHYBa BO

P{)\<X17 7X7L> < C|0 = 90} = PO{)\(Xla 7Xn) < C} = Q.

5.2.4 TecroBmM 3a mapaMeTpuUTe HA HOpMAaJIHA pacIipenejioa

MeromoT €O KoepUIUMeHT Ha MOJOOHOCT OBO3MOKYBa 1A HA €IHOCTABEH HAYUUH
ce OmpeNesaT HEKOM OJ] TeCTOBUTE 3a IapaMeTpUTe Ha HOpMaJHa pacupenenba
N(m,c?). TlpernoctaByBaMe neKa ce 3a[aleHU TOJEMUHATa Ha TIPUMEPOKOT 1 U
HUBOTO Ha 3HAYAJHOCT (.

Bo cayuyaj Ha OBe He3aBHCHU HODMAJIHO pacupeneiieHu obenexja X m Y co
pacupenendu N (my, 0?) u N'(my, 03) coomseTHO, IpeTHOCTAByBaMe J€Ka Ce 321 ICHU
rOJIEMUHUTE HA TPUMEPOIUTE N U Ny COOABETHO W HUBOTO HA 3HAYAJHOCT (.

(1) Tectupame ma Hj : m = my, mpotus H, : m # my, Kora ¢’ e mo3HaTa.

Kora X ~ N(m,c?) npu ¢? nosnato, GpyHKIMjaTa Ha TOIOOHOCT €

L(z,m) = (2n0%) "% exp{—=— Z(ajZ —m)?}, v = (21, ...,2,) ER", m € R.
o

i=1

[Tpu 02 mosuaro ML onenysau 3a m e X,,, onnocuo L(m) = L(z, m) nocturaysa
MaKCHMyM BO m = T = (z1 + ... + z,). U Ounejéu mynrara xunoresa Hy e
npocra (r.e. Oy = {mg}), 3a koepunmeHTOT HA MOJOOHOCT MMaMe

L(z,mo)

M1y ooy ) = Teo -

1 n n

= oxp{— 55 (e = mo)* = Y (s = 7))} = exp{—5 (7 — ma)’)}.

i—1 i=1
Cnopen mMeTomoT €O KOePUIIMEHT HA MOMOOHOCT, KpuTuyHaTta obnact C ru
conmp:ku cure ouHue r = (ry,...,T,) € R” 3a kon

exp{—55 (T —mo)’)} <.

Kaoe O<ec S 1. HOCI[GI[HOTO HEepPpaBCHCTBO € €KBMBaJICHTHO CO
T — My
‘ \/ﬁ‘ 2 Co,
o
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(2)

Kazae ¢g = v —2Inc > 0, onHOCHO KpuTHMUHATA 00JACT MOXKE a Ce 3alunlle BO
00JIUKOT

T — mo
C={x=(z1,....,2,) ER": ‘T\/ﬁ‘ > o}
Bpennocra na 6pojoT ¢y ja ogpemyBaMe O JadeHOTO HMBO HA 3HAYAJHOCT HA

TECTOT &, OOAHOCHO O yCJIOBOT

X, —
P[){ Tm\/ﬁ’ ZCO}:Oé.

[ToBTOpHO KOpPUCTEBME meka HynarTara xumnoreza Hy e nmpocrta. Cera, Ounejiku
CTATUCTUKATA

7= N0, ),

nMaMe IOEKa
o = Po{’Z‘ Z Co} =1- PO{_CO < Z< Co} =1- (@0(00) — q)o(—Co)) =1- 2@0(00),
o _1_

rane $o(co) = [, 7=
neka e opojor

a2
e %/2du e JlammacoBmoT MHTErpA. SHAUH, 34 ¢y MMaMe

a4 1l-«

co=Pq 9 ).

Ha cauuen mauwmn ce mobuBa AeKa KPUTUYHUTE ODJIACTU IIPU TECTUPAHE HA
(a) Hy: m = mg, npotus H; : m > my, Kora o> e mo3HaTa,

(6) Hy : m = my, nporus H; : m < my, kora o> e mo3Hara,
COOZIBETHO C€ MAICHU CO
1 -2«
7)7
1 -2«
2 )

(a) C = {z = (21,...,7n) ER": %\/ﬁ > o}, o = By

(6) C = {x = (21,...,7n) ER": %\/ﬁ S e

Tectupame Ha H : m = mgy, npotrus H, : m # my, Kora ¢’ He e MO3HAaTAa.

Kora mucmepsumjaTta o He e TIO3HATA, HYJTATa XUTOTE3a MOKE N4 CE 3AIUIIE
kako Hy : (m,0?) = (mg,0?), ommocno toram Oy = {(mg,c?) : 02 > 0}, rane
mo e ¢urcen peasen 6poj. Toram, 3amayara IPEMUHYBA BO TECTUDAHE HA
cnoxena xunoreza Hy : t = (m,0%) € Oy npoTtus cioxena xunoresa H,

t = (m,0%) € ©; = O\ Oy, Kage MHOKECTBOTO MOMYCTIUBU BPEIHOCTHU 32

napaMeTpuTe Ha HOpMaJHaTa pacupenenda e © = {(m,o?):m € R, ¢ > 0}.
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Nmajim Bo mpenBun neka (yHKIUjaTa Ha IOTXOOHOCT €
1 n
L(z,m,0%) = (270?) ™ exp{—5— (s — m)’},
i=1
3a = (v1,....,7,) €R", m € R, 0 >0, u 6unejéu ML onenysauu 3a m u o
ce X, u ?i COOIBETHO, UMaMe MEKa

_ 2y _ — 2
I?E%XL(.I,t) = meﬁﬁ)éol)(x,m,a ) = L(x,Z,s%),

kage s> =+ 3" (r; —T)%, u mexa

ItIé%)O(L('Tat) = g%éi}gl)(x,mo,a2) = L(x7m070-g)7

kane og = =y " (z; — mp)?. Toram, KoepUIUEHTOT Ha MOLOGHOCT €

e =g = (SR

Cnopen mMeTomoT €O KoehUIMEHT Ha MOMOOHOCT, KpuTuuHarta obmact C ru
compsxu cure r = (xy,...,T,) € R" 3a Kou Baku

(et s

kazme 0 < ¢ < 1. IlocaenuoTo HEPABEHCTBO € €KBUBAJIEHTHO CO

= 2

Y

52
OIHOCHO CO

T—m
LN P
S

kaze co = /(n — 1)(c72/" — 1) > 0, ma kpuTwuyraTa O6MACT €

C={x=(t1,...x,) €ER": ‘ﬂ\/n 1] > e,
S

Kale ¢y ce oapeayBa Ol MaleHOTO HUBO Ha 3HadajHocT «. [lo3HaTo HU e nmeka
CTATUCTUKATA

n—1 Ntn_l.

3aToa on
a = P{|T| > co},
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uMaMe JIeKa
Co = tn—l,aa
Kale o3HauyBaMe Co t,, Opoj (koj ce unra onx rabiauuna) 3a koj Baku P{|t,| >

tn,a} = «, Kame t, € ciayJajHa IIPOMEHJIMBA CO CTYIEHTOBa paclpenenda co n
CTeIleHn Ha ciaobona.

Ha cauuen mauwmu ce mobuBa mexka KPUTUUHUTE OOJACTU IPU TECTUPAHE HA

(a) Hy : m = mg, mporus H; : m > mg, Kora o> He e TIO3HATA,

(6) Hy : m = mg, mpotus H; : m < mg, Kora o> He e O3HATA,

COOOBETHO Ce OadeHUn CO

(a) C={zx = (v1,....,2,) € R": LN/ > coty €0 = tn-12as
s

(6) C ={z=(21,....,x,) ER": ﬂ\/n — 1< —c}, g =1tn-12a-
s

2

3) Tecrupame Ha Hj: 0% = 02, mporus H, : 02 # o2.
0 0

[Tokpaj mocranmkara Ha ompemyBame Ha KpurtudHarta obaact C' co moMomr Ha
KOE(QUIMEHTTOT Ha HOJOOHOCT, IPU TECTUPAHE HA XUMOTE3U 38 HapaMeTPUTE
Ha HOpPMAaJHa pacupenenda, MOKe Oa Ce MPUMEHU U IIOCTAIKa CO MHTEPBAJI
Ha moBepba. Toram, mpu tectupame uHa Hy : 0 = 0y nporus H; : 0 # 0y co
HUBO HA 3HAUYAjHOCT «, Xxunoreszara H, ce mpudaka ako Bp3 OCHOBa Ha IOIa-
Touure = (Z1,...,x,) Bpegaocra 6y e obdarena co uarepsainor (L(x),U(z)),
kazme (L(Xy,...,X,),U(X1,...,X,)) e 100(1 — «)% wunrepBan Ha nosepba 3a 0,
BO cuporuBHO Hj ce ordpia. 3HauM, KpUuTUIHATA 00IACT MMa OOJIUK

C={x=(21,....,2,) €ER": L(x) > Op mam U(x) < O }.
ITpu Toa, ako craructurure L(Xi,..,X,) u U(Xy,...,X,) ro onpenenysaar
VHTEePBAJOT Ha OoBepba 3a f cO MUHMMAJIHA JOJKMHA, TOTAIl T'OJEeMUHATA,

Ha BakKa ,HquI/IHI/IpaHaTa KpUTU4YHa obaacT e «, IMEHO BaiKN

Pg{(Xl, ,Xn) S C} = 1—P0{L(X1, ...7Xn> < by < U(Xl, ,Xn)} = 1—(1—0[) = Q.
Taxa, 3naeme nexa 100(1 — a)% unTepBas Ha nosepba 3a o2 e

(15 15
b’ a
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(4)

Kale 4 = Xp_11-a/2 U b = Xi_m/z, Ipy ImWTO CO X, , IO O3HAUYyBaMe GPOjoT
(k0j ce umra ox rabmuma) 3a koj Bawu P{x; > X, ,} = @, Kalge x; e ciy-
yajHA MPOMEHINBa cO X2 pacmpenenba co n cTemeHu Ha cioboma. Torarm,
KpUTUYHATa 00JIacT €

2 2
C={x=(r1,....,0,) ER": % > bnnn% < a},
90 90

2 2
Rane a = Xn—l,l—oa/2 u b= Xn—l,a/?'
Ha cauuen mauwmu ce mobuBa AeKa KPUTUYHUTE ODJIACTU NIPU TECTUPAE HA

(a) Hy : 0* = 03, mporus H, : 0% > 07,

(6) Hy : 0° = o, mpotus H, : 0% < 0p,

COOBECTHO Ce OdadceHU CO
2

ns
(a) C = {I = (xla""xn> cR": 0‘2 = C} C_X” Las
0
2
ns
(6) C = {:C = (l'l, 7*1.77,) G Rn . ? S C}7 c= Xi*l,l*a'

0

Tecrmpame ma H, : m; = my, mporus I, : mi # my, KOra 0; U 05 ce

IIO3HATHN.

[ToBTOPHO KOpUCTUME METO CO MHTEPBAJ HA JOBepOa, OBOj IaT 3a pa3JinKaTa
my; — mso. 1IpBO, 3a IEeHTpaJiHA CTATUCTUKA ja 3eMaMe CTATUCTUKATA
(Yn — ml) — (?n — mg)
Z = : > : ~ N(0,1),

2
2

92
ni + n2

(mokaskm!). 3apany cuMeTpUUYHOCTa Ha pacupenendbara Ha 7, 3HAYU IEKa
Oapame TakoB OpPOj ¢ Taka IITO

1—a=P{|Z] < c|Hy} = Py

{ v
‘\/ﬁ
1 -«
5

ol Kage caenu OeKa

c =0

U KPpUTUYIHATA ODJIACT €

C = {(x,y) e R >}

=
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Ha ciuyen Hauums ce noOUBa IeKa KPUTUYHUTE O00JIACTU IPU TECTUpPAH-C Ha
(a) Hy : m; = my, mpotus H, : m; > my, Kora o} u 03 ce MO3HATH,

(6) Hy : my = my, mpotus Hy : m; < my, KOTa 0> U 03 Ce TO3HATH,

COOOBETHO Ce OadeHUn CO

ni1+n f_g
(a) C={(z,y) eR"™™: ——= >}, c= Oy (——
ﬁ_|_”_2
1 ng
1 -2«

(6) C = {(,y) e R s L < —c}, e = @5} (),

2
2

g
5
1+n2

2 2

: _ : 2 _ 2 _
(5) Tectupame Ha Hj : m; = my, npotusB H; : m; # ms, Kora o; = 05 = 0° He

ce IIOo3HaTu.

OBoj mar 3a oapenyBame Ha MHTEPBAJ Ha AOBepOa 3a mi — My 3a MEHTPAJIHA
CTATUCTUKA C€ KOPUCTU CTATUCTUKATA

T — (Ynl - m1) - (7n2 - mz)\/ ning
\/ nlgi + nggz n Ny

(Bumu Teopema 3.5). Ila, 3apamu cumerpuunocra Ha pacunpeneinbara ua T
npu oIpeayBame Ha MHTEpPBAJ Ha HoBepba CO MUHMMAJIHA MOJLKMHA Dapame
Opoj ¢ Taka mMTO

(nl + ng — 2) ~ tn1+n2—2u

ning

\/TLlS + N9 S \/nl+n2

C = tn1+n272, «

1 —a=P{|T| < c|H} = po{\ (1 +na — 2)| < e},

o Kae Ccledun OERKa

U KpUTUYHATA O0JIACT €

r—1y n1in9
V/niss +nasy | na+ng

Ha cnnuen mauun ce mobuBa meka KPpUTUUHUTE ODJIACTU MPU TECTUPAIE HA

C={(r,y) e R ‘ (ny +ny —2)| > c}.

(a) Hy : m; = my, mpotus H, : m; > my, Kora o} = 05 = 0> He ce TIO3HATH,

(6) Hy : my = my, mpotus Hy : my < my, Kora 0> = 03 = 0° HEe ce MO3HATH,
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COOOBETHO CE€ MaJCHU CO

(a) C = {(z,y) € R™*™ =

T-y
/1187 + nasy | i+ N

KAIE C = lpytny—2, 20

(ny +mng —2) > c},

T—y ning
6) C ={(z,y) e RM™:
(6) {(z.y) \/W ny + no

Kale ¢ =ty 4no—2, 2a-

(ng +ng —2) < —c},

(6) Tectupame ma H : 07 = 02, nmpotus H, : o} # o3.

Kako nenTpaJjuu cTaTUCTUKM TIPU OJApeayBamke Ha WHTEpPBaJ Ha moBepba 3a
0?/03 ce KOPUCTAT CTATUCTUKUTE

ni(ng — 1)025- na(ny — 1)0%3?/

2_2 NFTZl—l,?’LQ—l? HFQ - ~
na(ny — 1)ois,

F = y
ni(ny — 1)03S,

no—1,n1—1,
(Bumu Teopewma 3.6). Vmeno, axo s, > s, TOTall KPUTHIHATA OGIACT €
2
ni(ng — 1)s
_ ni+ng . T _
C= {($,y) € R™MT )82 > C}? C = Fn1—1,n2—1,o¢/27
y

n akKoO Si < 8?2/ TOram KpUuTUu4YHaTa obsacr e

na(ny — 1)s;

C= Ly) € Rmtn2 . >ch, c=Fu_1n-1 a/
{(xy) nl(n2—1)8%_0} c 2—1,n1—1, a/2

IIpu toa co F,, n, o Ce O3HauyBa OpojoT (KOj ce umra o Tabiuna) 3a Koja
Basku P{F,, n, > Fu, ny o) = @, Ka1E I, ,, € ClIydajHa IPOMEHIMBA KOja NMa
dumeposa pcupeneaba co ni, ny CTEIEHN Ha ca000Ia.

Ha cauuen mauwmu ce mobuBa AeKa KPUTUUYHUTE ODJIACTU NIPU TECTUPAHE HA

(a) Hy : 07 = 03, mpotus H, : 0] > 03,

(6) Hy : 02 = 02, mpotus H, : 0} < 03,

COOJBECTHO Ce OJadceHUM CO

ni(ny — 1)s2
C= R™M*™2 > > = Fh 1, noe o
(a> {(%,y) € n2(n1 _ 1)85 - C}, c 1—1, na—1,
no(ny — 1)s?
o) C = R™*m2 . > =F,. 1 n-1a-
( ) {(Z’,y) € nl(n2 —_ 1)3320 = C}a c 2—1,n1-1,
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5.3 TecTtupanme Ha HellapaMeTapCKU XUIIOTE3U

Hera X e obGenexxje co Hemo3znaTa (yHKIUja Ha pacupenenda Fy. Hemapamerap-
CKUTE XWIIOTE3M Ce OJHecyBaaT Ha (yHKOMjaTa Ha pacrnpenenda Ha obemexjeTo X
U He 3aBUCAT O Hemo3HaTuTe mapamerpu. llocTojar HeKOJKy Tuma Ha HemapaM-
eTapcku TecToBU. TecToBUTE HA COIJIACHOCT ja TECTUPAAAT HYJITATA XUIOTE3a
Hy: Fx = F, kane F' e nanena pyHKIMja HA pacupeneiada, IPOTUB aJTEPHATUBHATA
xunore3a H; : Fx # F. Axo pasrimenyBame nse obenexja X u Y co HemoszHatu
¢yurnuM Ha pacupenenda Fy u Fy coonBeTHO, TECTOBUTE 32 XOMOTEHOCT ja Te-
cTupaaar HyaTtara xunore3a Hy : Fx = Fy, mIpoTWB aJjJTepHATUBHATA XUIIOTE3a
H, : Fx # Fy. TecroBuTe 3a HE3aBHUCHOCT ja TECTUPAAAT HYJITATA XUIOTE3a
Hy : F = FxFy, rane F e ¢yHrnujata Ha pacupenesda HA CIYYAjHUOT BEKTOP
(X,Y), nporus anrepraruHara xunoresa H; : F # FxFy.

5.3.1 IIupcoHOB Y’-TecT HA COTJIACHOCT

[IupCcOHOBUOT Y?-TECT Ha COTJIACHOCT € eIeH OJ HPBUTE IMPEeIJOKECHI TeCTOBU KOj
ce TeMeJr Ha eAHOCTaBeH MaTeMmarwdku moneis. Co HEro ce tectTupa XUIMOTE3aTa
Hy : Fx = F, nporuB anrepuaruBHara xunore3a H; : Fx # F, kame Fy e Hemnos-
HaTaTa (YHKIUja HA pacupenenda Ha obenexjero X m F' e manena ¢yHKumMja Ha
pacupenenba. ['maBHUTE KapaKTEepPUCTUKA HA OBOj TECT Kou My 00e30emyBaaT IIu-
pOKa MpUMEHAa Ce THUe MITO TOj MOJKe Ma Ce MPUMEHYBa 3a MPOU3BOJHA (DYHKIMja HA
pacnpenenba F' u peanusanujata HA TECT CTATUCTUKATA € JECHO MPECMETJIUBA.

Heka (Xi, Xy, ..., X,) e npumepok koj oarosapa Ha obenexjero X. Ilepunupa-
mero Ha IlupcoHoBaTa Y2 TeCcT CTATUCTHKA € JOCTa emHOCcTaBHO. Hajmampen
ro pasbwBaMe TPOCTOPOT O peJaHW OpPOeBU Ha T AUC]YHKTHU IIOAMHOKECTBA,
omocHo R = S1USU---US,, S;NS; =0, 1 +#j. 3aceroj i € {1,2,...,r} ro o3HAUY-
BaMme co M; OpojoT Ha ciaydajHU OTpoMeHIuBU onx npuMepokror (Xi, Xo, ..., X)) xou
OpUMAaT BPEAHOCTU OX MHO:xkecTBOTO S;, u Heka p; = P{X € S;|Hy}. Toram, 3a
cekoj i € {1,2,...,r}, mon npernocraska H, ma e To4Ha, CiydyajHaTa IPOMEHIUBA,
M; nma B(n,p;) pacupenentba. N 6unejiu FE(M;) = np;, craructukara

r

2 (Mz - npi)Q
X = - 5.10
2 10

HOOPO ro ommiIyBa OTCTallyBamaTa Ha caydajaure npomensuu My, Msy, ..., M, on
HUBHUTE MATEMATUUYKU OoueKyBama. Crarmcturara X2 nepunupana co (5.10) ce
HapekyBa IIupcoHoBa Y? craructuka. ViMeHo, ce IOKa:KyBa JeKa pacopenendara,
Ha CIydajHaTa TPOMEHJIUBa Y2 aCUMITOTCKU Ce CTpeMHU KOH Y2 pacmpenenba co
r — 1 cTrenmenu Ha ciioboma, OTHOCHO

dist
P B (5.11)
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3Haejin ja acCUMITOTCKaTa pacopeneada Ha TeCT CTAaTUCTUKATA X2, MOe Za ja
ompenesrMe KpUTUYHATA 00JIaCT CO rojieMuHa « (HUBO Ha 3a4ajHOCT, BEPOjATHOCT
3a Ipemka O IPB BUI) 3a TecTupame Ha xunore3ara Hy. Vmeno, Gunejiu

PI? > ¥y ol Hob ~ o, (5.12)

Kaze Opojor ngl,a ce yuTa on Tabiunma, MMaMe IeKa KPDUTUYHATA ODJIacT e

r

2
_ m; — np;
C={z|X"=)_ (ma —nps)” o S X1}
i=1 ¢

Kaze m; e 6pojoT Ha KOMIIOHEHTH O] peaju3aunujara r = (rq, ..., T,) Ha IPUMEPOKOT
(X1, ..., X,,) KOM mpumaraaT BoO MHO¥KeCTBOTO S;, i € {1,...,r}. OBa 3HauUM meka, ako
Bp3 0aza Ha MONATONUTE I1,...,T, Aobueme meka X- > x> .., TOTAIl XUIOTe3aTa
Hy ja ordpaame, BO CIPOTHUBHO, aKo X2 < Xf_m, xunore3ara Hy ja npudakame.
Ila 3abenesxkmme meka BO Mpakca, anpokcumanujara (5.12), a co Toa um caMuor
[Tupconos x? - TecT, maBa 3a,I0BOJUTENHN PE3yITaTH 3a n > 50 m m; > 5, 3a cekoj
ie{l,2,...,r}.

[TupcoHOBHOT Y2-TecT MOEe Oa ce MOMU(GUIMPAa U 3a CIydaj KOra XUIOTe3aTa
Hy : Fx = F He e mpocTa, OOHOCHO KOra (yHKIjaTa Ha pacupenenda F' 3aBucu on
Hemo3HaTu npamerpu. Bo Toj ciyuaj mysnrarta xunoresa e Hy : Fx € {F(xz,0)|0 €
©}, ma Bepojarnocrure p;(0) = P{X € S;|Hy}, i € {1,2,...,r} 3aBucar o1 Hemo3Ha-
trot napamerap . Toram, u I[IupcoHoBaTa Y? CTATHCTHEA MCTO TaKa ke 3aBUCK
OJ1 HETIO3HATUOT HapamMeTap, OTHOCHO

Heka 0 = (04, ...,0;), xage j <r—1, ogHOoCHO (pyHKIUjaTa Ha pacupenendba F uma j
Henosnatu mapamerpu. Ce MOKaxKyBa HeKa ako f € MaKCUMAJHO MOJ00EH OIeHyBad
3a 0, Toram BayKu

N dis
X2(9) e ngjfl‘ (5.14)

Nwmeno, oBa 3HAYM AeKa BO cjaydaj Kora (GpyHKIUjaTa Ha pacnpenenda F' mMa Hemos-
HATU napaMeTpu (BKYIHO j HEMO3HATU TapaMeTpH ), HajHANIPEI THUE Ce 3aMeHyBaaT
CO HUBHU OIIEHKM BP3 0a3a HA MaJEHUTE MOAATONUU T, ...,T, U CO TOA PaCIpPEmesi-
6ara F' e mormonuo ompenena. Ila, zapamu (5.14), Bo 0BOj ciyuaj KpUTHUYHATA

obJiacT ke oune
T

2
_ —2 Z (m; — np;) 2
C = {ZL‘ | X = > Xr—j—l,oc}7
— np;
=1
ma aKko X° > Xi_j_ 1o, Toram xmmoresara Hy ja ordpiame, BO CIPOTUBHO, AKO

X° < X?_j_ 1.4 XunoTesara Hy ja npudakame.
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5.3.2 KoJMOropoB TeCT Ha COIrJIACHOCT

Rora nmpu Tectupame ma xunoresara H, : Fx = I, ¢pyHrnujara Ha pacupenenba
F' e menmpermnarta, 3a TeCT CTaTUCTUKA MOke na ce 3eMe KosmoropoBara Tect
CTATHUCTUKA nepuHUpPaHa CO

D,, = D, (X, ..., X,) = sup |F,(z) — F(z)], (5.15)

zeR

kane (X, ..., X,) e npuMepok koj oaroapa Ha obenexero X u F,(x) e emnupuckara,
¢yHEIUja Ha pacupeneida Ha TPUMEPOKOT.

Ce moKasKyBa IeKa IpU TOJIEeMU BPEIHOCTHU HA N, CIydajHaTa MIpOMEHIuBa /nD,
“Ma aCHUMITOTCEKa (YHKIUja Ha pacupeneida

K(z) = lim P{ynD, <a} =142 (-1, o >0,
k=1

Koja ce HapekyBa Koisimoroposa pacmpenesda.

Toram, 3Haejku ja pacunpenenbara Ha TECT CTATUCTUKATA, MOMKE & C€ OIpe-
e KpUTUYHATA BPEIHOCT ¢y OO KpuTuuHarta obaact C' mpu tectupame Ha Hj :
Fx = F' co HUBO Ha 3HAYAjHOCT (v, OM YCJIOBOT

P{Dn(X1, ..., Xn) > co|Ho} = a.
Ce u3BenyBa Ieka KpUTHMYIHATA OOJACT IO UMa OOIMKOT
C={x| Dy(x) > dna},

Kale BpenHocTa d,, € takBa na P{D, > d,,} = a u ce unra ox Tabauna. onera
mak, npu rojgeMu Bpennoctu Ha n > 100, kpuTuurata 06JIACT TO UMa ODJIUKOT

C ={z| Dy(z) > ¢},

KaJle KPUTUYHATA BPEIHOCT ¢y MOKE Ma Ce MPecMeTyBa CO NMPUMEHa Ha CJeIHATA
Tabauna.

a ][0,10 [ 0,05 | 0,01
o L2 [ L35 | L3
0l W | Vo | vm

Bo npakca, Bpennocrta Ha cratuctukara D, (x) = d, 3a mameHa HA3a O CTATUC-
TUYKY TMOJNATONM & = (Z1, ..., Tp) CO MOAPEIECH O0MUK T(1) < ... < T(,) CE IpecMeTyBa
cnopel popMyJiaTa

d, = max ’Fn(m(i)) - F(x(i))‘a

1<i<n
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OMHOCHO cropen (opMmyaaTa

dn = max |F, (a;) — F(a;)],
1<i<r
Kame a;, ¢ = 1,...,r ce meCHUTe TPAHUIY Ha MHTEPBAJUTE IPU MHTEPBAJIO 3a10aTeHU
craructruky noxarouu. [la, ako d, > d,, (omHocuO d, > ¢y Ipm BpemHOCTH N >
100), roram xunoresara Hj ja orppiaame, BO CIPOTUBHO, ako d, < d,, (OZHOCHO
d, < ¢y mpu Bpennoctu n > 100), xunoresara Hy ja npudakame.

5.3.3 Tecr 3a xomorenocT Ha Koamropos-CMupHOB

Koamoroposara pacupenenba Haora mpuMeHa U HPU KOHCTPYKIMja HA CTATUC-
TUYKMOT TECT 3a TecTupame Ha xumore3dara Hy : Fx = Fy, rame Fx u Fy ce
¢yHEIUMTE Ha pacupenenda Ha HenpeknmHaTute obenexja X m Y coonserHo. Heka
(X1,..,X,,) n (Y1,..,Y,,) ce nBa He3aBUCHM NPUMEPOKA KOM OAroBapaar Ha obe-
aexjata X m Y coomBerHo. Bo 0BOj ciryuaj ce KOPUCTU TECT CTATUCTUKATA HA
KosmoropoB-CMUpPHOB neduHupana co

Dmny = D nyny (X1, .00y Xy, Y1, .0, Yy,) = sup | By, (2) — F, (7)), (5.16)

nitng nytng z€R

kane F, (x) u F,,(z) ce emnupuckuTe QyHKIMM HA pacupeneinba Ha TPUMEPOIUTE
(X1,..,Xn,) n (Y1,..,Y,,) coomBerno. Axo xumoresara H, e TOYHA, TOTAII €M-
nupuckuTe GpyHKIUU Ha pacupenenba F,, (x) u F,,(r) ouenysaar emna ucra (yH-
Kiyja Ha pacupenenda Fy = Fy = F| na 3a rosemMu Bpe {HOCTU HA 7y U Ny IPUPOITHO
e Ia ce OUeKyBaaT MaJI Peaju3UPaHU BPEAHOCTU HA TECT CTATUCTUKATA D niny .

ni+tng
Ce IOKaKyBa OCKa IIPU I'OJIEMU BPEOHOCTU Ha N W Ng, CIAyYaJHATA IIPOMEHJIUBA

%D ning  UMa acUMNTOTCKU KoamoropoBa pacupenenba. Toram, KputuyHaTa
ni+ng

BPEIHOCT ¢y on KpuTuuHarta obiact C' mpu tectupame Ha Hy cO HUBO Ha 3HAYA-
JHOCT (v, ce OmpeneayBa O yCIOBOT

P{Dnilfig (Xl, ceey an, le, ey Yn2> > Co‘Ho} = Q.
Ce mobuBa meka KpuruyHaTa 00JaCT TO MMa OOJIUKOT

C= {(x7y> | D%(x,y) > d nny a}’

ni+ng’

Kajze Bpenuocra d,, € taksa na P{D, > d,.} = a u ce uura on rtabmuna. U axo

ja o3HaumMe cO d_ning peanm3auﬂjaTa Ha cTaTucTuraTa [ ning (x,y) 3a JaJcHN
ni+ng nitng

HU3W CTATUCTUYKY HOAATOIM T = (T, ..., %Tp,) B Y = (Y1, ..., Yny), TOTAIIT AKO d ning >
ni+ng
d_mne ., xunoresara Hj ja orppaame, BO CIPOTUBHO, aKO d niny < d nino TOTAI
ni+ng’ . , ni+ng ni+ng
xunore3ara Hy ja npudakame.

7a,
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5.3.4 Y’-TecT 3a HE3aBMCHOCT

I[Iperxomuo 360pyBaBMe 3a 3aBucHOCTa Mery obenexjara X um Y, Bp3 OCHOBA
[BOIMMEH3MOHAJHNATE CTATUCTUYKYA momaToun (xi,y1), (T2, y2), ..., (Tn,Yn), U3pa3ena
OpEeKy BPENHOCTUTE Ha OApeleHM napamerpu (KpUBU HA perpecuja, NpaBu Ha,
perpecuja, KoeQUIIMEHT HA KOpeJjallija, OTCTAIlyBame Ol CTATUCTUYKA HE3aBUC-
HOCT, CTEIEH HA CTATUCTUYKA 3aBUCHOCT) U HUBHATA M€OMETPUCKA NHTEPIPETAIL]ja
(Bumu leckpunTtuBHa crartucTrka, JlBomumensmonasHu obGene:xja). OBne Ke ce
3aIp:KUMe Ha TecTupame Ha xunoresata Hy: X u Y ce He3aBUCHUM CirydajHU MPO-
MEHJUBU, KOja CUMOOJMYKM MOKe na ce 3amuire kaxko Hy : F' = FxFy, rane Fxy un
Fy ce memo3snatuTe QyHKIMM HA pacupenenda Ha obenexjata X u Y CcOOIBETHO,
u I’ e pysrumjara Ha pacnpenenba Ha ciaydajanor Bexrop (X,Y).

Heka ((X1,Y1),(X2,Y2),...,(X,,Y,)) e mBommMeH3moOHAIEH HPUMEDPOK KOj OArO-
Bapa Ha IBOIMMEH3MOHAJHOTO obenexje (X,Y). Bps ocHoBa Ha 0BOj mpumepok
Ke KOHCTpyUpaMe CTATUCTUUYKU TEeCT 3a TecTupame Ha xumnoreszata Hy. Hexka
(x1,11), (2, Y2), -, (Tn, Yn) € PeATU3ANU]a HA NBOAUMEH3MOHATIHUOT IPUMEPOK NaIeHa
co TabesaTa HAa KOHTUHIEHIMja Ha yecToTuTe, lTabena 2.6, 1 cooaseTHaTa Tabemna
Ha KOHTUHIEHIja Ha pejaTuBHUTE decTtoTu, Tabena 2.7. Bo cimyuaj rora X u
Y ce HemperuHaTH obenekja, MO TPYNUPAEKHETO HA MOAATOIUTE BO MHTEPBAJU, ja
ropuctuMme Tabema 2.11.

Axo xunoresara Hy e ToOuHa, TOTAII O YCJIOBOT 38 HE3aBUCHOCT HA ABE CIIyYa-
jHU TPOMEHJIUBU OJ OMUCKPETEH TUI BaKU

Pij = 4Ty, L= 17 s Ty j = 17“-73 (517)

(mpm TOA TM KOpUCTHMME O3HAKUTE OX rope cnoMeHarure tabemum). Ila, ako ro
o3Hauume co t = (q,...,qr,T1,...,Ts) BEKTOPOT OJ[ HEIMO3HATU IIapaMeTpPH, 3apa,au

(5.17) u ycmoBure
ZZp”—l Zq,_1 Z%— ,

=1 j=1
HE Ce CUTE HErOBU KOMIIOHEHTM HE3aBUCHU, MMEHO IMOCTOjaT ABe ()YHKIMOHAJIHU
3aBUCHOCTH, M TOTAIl ANMEH3UjaTa Ha BEKTOPOT t e 7+ 5 — 2.
[TonaTamy, co M;; To o3HauyBaMe OPOjOT Ha CIYyYajHM IAPOBU OJ IPUMEPO-
rkoT ((X1,Y1), (X2, Y2),...,(X,,Y,)) rou ja mpumaar Bpennocta (a;,b;), HOBTOPHO ce
KOPUCTUME CO O3HAKUTE OJ] TOPE CIIOMEHATHUTE Tabesu, U HEeKa

Gi = Mil + Mi2 + I Misa Z = 1, T H] = Mlj —|— sz + + M,,-j, j = 1, S (518)

Toram, cauuro kako Ilupconosarta x? craructuka (5.10), mon mpernoctaska H
[a € TOYHA, CTATUCTUKATA

poy 3 Btk 5oy Gtk s e )

i=1 j=1 =1 j5=1
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ro KapakKTepusupa OTCTAIyBAKETO HA CIIydajHUTE IpoMeHnuBu M;; ON HUBHUTE
MaTeMaTUYKA OYeKyBama, OJHOCHO Ol TeOpUCKAaTa pacHpeienadba 1 Taa uMa >
pacupenenba co rs — 1 crenenn Ha ciaobona, cmopen (5.11).

W cmmaro xako Bo (5.13), Oummejkum p;; 3aBUCAT OX BEKTODPOT OJ HEMO3HATU
napaMerpu ¢, Toram u cratTucturara (5.19) ke 3aBucu ox t, OTHOCHO

—-n Z] nz t))?
ZZ p ZZ i zt)())' (5.20)

n n
=1 j=1 pz i=1 j=1 QZ

Herka T e makcumasHO momobeH olneHyBau 3a t, u Oumejku ouMeH3ujaTa Ha t €
r+s— 2, ciuuno kako Bo (5.14), cratucturkara D(T) ke uma x? pacnpenenba co
rs—(r+s—2)—1l=rs—r—s+1=(r—1)(s—1) crenern #a croboma, 0IHOCHO

Mi; = npii(1)* _ s~ (Myy = ngi(T)ri(T))? aist
I T
i=1 j=1 npi;( ) i=1 j=1 ngi(T)r;(T)
(5.21)
Onm paBeHcTBaTa
~ G. N H-
(D)= 22 =1, r(T) =22, j=1..
Q( ) nJZ ) 7T7Tj< ) n,] y , S,

kage G; u H; ce nepunupanu co (5.18), crarucrurara D(T') moxe na ja 3amumenme
BO €KBUBAJICEHTEH OOJIUK
H; ) r s M2
1>

) Pl P Do A

i=1 j=1 i=1 j=1

(5.22)

Toram, 3a ompenesnyBame Ha KPUTUUHATA ODJIACT CO TOJEMUHA (¢ 32 TECTUPAHE
Ha xumore3zara Hy ce KopucTuMe cO TPUOIMKHOTO PaBEHCTBO

P{D(T) >X(r 1)(s—1), of R a,

U 3aKJydyBaMe NeKa KpUTUIHaATa 00JIacT ro mMa OOJIUKOT

.CE y |d ZZ fZ] gz AL A <ZZ - 1) = nf2 > X%rfl)(sfl),a}a

=1 j=1 11]1

Kane fij, g, h; ce decToTUTe KOM 3a HM3aTa momarounu (xi,yi),(Z2,Yy2), ..., (Tn,Yn)
nanesu ce co Tabemna 2.6, u f? e orcramyBameTo 0/1 CTATUTUYKATA HE3aBUCHOCT
nepurupano co (2.13). Toa 3maun meka, ako d > X(r 1)(s—1), o> TOTAII XUIOTE3AaTA

Hy ja orBdpprame, n aro d < X(Pl)(sfl) .» Toram xunoresaTta Hj ja mpudakame.
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6

Perpecuona ananmu3a

[Ipu mepeme Ha MOBEKe 0besekja, 4eCTO ce MOCTaByBa MPAIlamkheTo KAKO THE 3aBU-
cat emHo on apyro. Ha mpumep, KakKO 3aBUCU HUBOTO HA XOJECTEPOJOT BO KPBTA
O BO3pacTa Ha WHIWBUAyaTa, KAKO 3aBUCU MOTPOIIYBAYKATA HA €JIEKTPUYHATA
eHepruja BO MNOMAKMHCTBOTO OJl HAJBOPEIIHATA TEMIepaTypa U MECEUYHUTE MPU-
Mama Ha YIEHOBUTE HA JNOMAKUHCTBOTO U ciauvHo. [Ipu Toa mpomeHmuBaTa Koja €
mIpenMeT Ha UCTPaKYyBamETO Cce HAPEeKyBa 3aBUCHA MIPOMEHJIMBA U CE 03HAUYBa CO
Y u Taa e caydajHa npoMeHsuBa (Ha OIpUMep, HUBOTO HA XOJECTEPOJIOT BO KPBTA,
OJHOCHO MOTPOIIYBAUKATA HA €JIEKTPUYHATA €HEePruja BO JOMAKUHCTBOTO), IOAEKA
ITPOMEHJINBATA KOja MOKE I3 Ce KOHTPOJUPA U KOja BJIMjae HA MPOMEHUTE Ha 3aB-
MCHATA TPOMEHJINBA Ce HAPEKYBa HE3aBMCHA IIPOMEHJIBA U BO OIIIT CJIyYyaj HUB
MOKe [la TM UMa HoBeke o enHa u ce ozHauysaaT co £V, ... 2" u Tue me ce cayua-
jHZ mpoMeHaVBU (HA MpUMED, BO3PACTa HA WHAWBUAYyATA, OJHOCHO HAJBOPEIIHATA
TeMIeparypa U MECEUHUTE MPUMAHa HA YIEHOBUTE HA JOMAKUHCTBOTO).

OnpenyBameTo Ha 3aBUCHOCTA HA MPOMEHJMBATA Y O HE3ABUCHUTE MPOMEH-
musu M, ... 2" e mpery dpopMmupame Ha MaTeMATHUKM MOZEN KOj ke ja m3pasyBa
Taa 3aBUCHOCT. Bumejkmu Bo peasHUTE CUTyalluM HA 3aBUCHOCTA YECTO BJIMjaaT U
HEKOU ciiyuajHu (Gakropu (Ha mpuMep, T'DEIIKU IpU Mepemara), Tpeba m Tre na
OumaT 3eMeHU BO NpenBUI IpU (popMUpaAHmeTO Ha Monenor. OmnmTtror obJIuK Ha
OBOj MOJEJ HapedyeH MOJeJI Ha perpecuja e

Y = fi(zW, ..., 2™) + ¢, (6.1)

Kale QyHKIUjaTa f; Ce HApEeKyBa perpecrmoHa (yHKIUja 1 3aBUCH O[] IaPaMeTapOT
¢ KOj MHOI'y 4eCTO € BEKTOPCKU IIapaMeTrap, a € € CJIydajHa KOMIOHEeHTa co F(c) =
0u D(e) =02

Kora mmame camo enHa He3aBUCHA IPOMEHINBA T, CTaHyBa 300p 3a MOOEJ Ha
€JHOIMIMEH3VOHAJHA perpecuja T.e.

Y = fi(z) + ¢, (6.2)
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a KOra ce IOBeKke O]l eIHa He3aBUCHA IIPOMEHJIMBA, MMaMe MOJEJ Ha IIoBeKe-
NUMEH3VOHAJHA perpecuja.

M360poT Ha COONBETHMOT MOMIEJ Ha Perpecuja 3aBUCKU Ol KOHKPETHATa CU-
Tyamuja. 3aToa, BO CIy4daj Ha €IHOAVMEH3MOHAJHA perpecuja, HajHAIpPEL ce
OPUKaKYBAAT TPAPUUKA CTATUCTUYKATE MOTATONHN (L1, Y1), -, (Tn, Yn), KATE X1, ..., Ty,
ce BPeJHOCTM Ha HE3aBUCHATA NPOMEHJIUBA T, a Yi,...,Y, C€ COONBETHUTE BPEI-
HOCTM Ha CJIyyajHaTa OpOMeHJuBa Y MOOMEHU Kako pe3yJjrar Ha Hab/LyIyBama
WM Mepema, a moToa ce bapa OMmTUOT OOJMK U OTCTAIlyBamaTa Ol OBOj OOJIMK,
CO IeJI Jla ce Hajoe MaTeMaTUYKUOT MOJeJ] KOj HajmaoOpo Ou ro omumasl OOJIUKOT.

OcHoBHaTa 3amada Ha pErpecruoHaTa aHAJM3a € Oa Hocje m300poT Ha MOomIe-
JIOT, BP3 OCHOBA HA HU34Ta CTATUCTUYKU IOIJATONM, N4 T'YM IPOIEHU HEIO3HATUTE
napamerpu t u o2. [lonpenusHo KaskaHO, BO CJIydaj Ha €IHOIMMEH3NOHAIHA perpe-
cuja, Tpeba ma ce medUHMpAAT ONEHYBAUM 3a HEMO3HATUTE HapaMeTpu t u 02, BpP3
OCHOBa Ha MPUMEPOKOT (21, Y1), ..., (Tn, Yy), KALE 1, ..., T, C€ BPDEAHOCTU HA HE3ABUC-
HATA TPOMEHIUBA T U Y7, ..., Y, Ce COOABETHUTE CJIyUYajHU MIPOMEHIUBU e (PUHUDAHN
co

Yi = ft(xz> + &4, 1= 1, Ny (63)

IpU MTO 34 CIYYajHUTE TIPOMEHIIUBH £1, ..., £, IPETIOCTABYBAaME JICKa Ce HE3ABUCHU
co E(g;)=0u D(g;) =02, i=1,...,n.

6.1 JIumeapHa perpecuja

Axko perpecuonara ¢pyuruuja f; Bo (6.1) e smuneapua, cranysa 360p 3a JuHEapeH
MoOeJI Ha perpecuja. AKo Kaj JUHEAPHUOT MOJMIEJ MMaMe CaMO eIHa He3aBUCHA
OIPOMEHJIMBA X, TOTAll TAKBMOT MOJEJ € IMPOCT JWHeApPeH MOoIeJl Ha perpecuja,
n toram t = (a,b), ma MomenoT e

Y=ar+b+e, (6.4)

Kale a U b ce mapaMeTpu M € e cayudajHa mpomensnusa co F(g) = 0 u D(e) = o2,
Ila 3abenesxyMe OeKa TOTAIll,

E(Y)=FE(az+b+e¢e)=ax+b+ E(c) = ax + b,

D(Y) = D(ax +b+¢) = D(e) = o2,

3aToa MTO ax + b He e ciydyajHa IPOMEHJIUBA.

Cmucnara va momenor (6.4) e cnemnara. Cayuajuara mpoMmeHiauBa Y 3aBUCHU
oI TPOMEHJMBATA X, HA TO] HAYWH IITO 33 CEKOj T = x;, Y; = ax; + b + &, uma
eneH NeTePMUHMCTUYKNA COOMPOK KOj e JuHeapHa (QYHKIUja OX ¥; T.e. ar; +b u
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CTOXACTUYKU COOUPOK €; KOj MPETCTABYBa CJIydajHA OCHUJIAIMja OKOJIY JeTEPMUH-
UCTUUKNOT coOmpok 3aroa mro E(g;) = 0. I[Ipu enno peamusupano mepeme, no6u-
BaMe elHa peajursalyja Ha NpuMepokrotT (xy,Y)), ..., (z,, Y, ), KOja ja o3HauyBame co
(1,%1)s -y (Tp, yn). Hejaurmor rpaduuku nprka3 mMma TeHIEHIUja HA TPYNUATAHE
OKOJIy mpaBara y = ax + b. I'pynupamero 3aBucu ol pacupenendbara Ha €1, ...,Ey,,
UMEHO KOJKy HuBHaTa mucnepsuja D(g;) = 0%, i = 1,...,n e morojema, TOJKY pac-
TypameTO Ha TUE TOYKM OKOJIy ImpaBaTa Yy = ar + b e moromemo.

6.1.1 OmenyBame Ha MapaMeTpUTe Ha perpecuja

Bp3 ocuoBa ma npumepokotr (z1,Y),...,(x,,Y,), Tpeba ma Hajmeme OoueHyBaduu a,
b, 52 3a HemO3HATWTE TApPAMeTpu a, b, 0? Ha JMHEADHMOT MOZET HAa perpecuja
(6.4). DBe3 BoBemyBame Ha MOMOJHUTEIHU MPETIOCTABKU 3a Pacupenendara Ha
CITyYajHUTe TPOMEHIIMBY £;, CO METOIOT HA HAJMAJIA KBAIPATHU MOKE Jla Ce HajaaT
onenysauure a u b.

Heka (z1,y1), ., (Tn, Yn) € peanusanyja Ha IPUMEPOKOT (1, Y1), .0y (0, Yy), TO-
ram 3a peaJyuzamuure @ u b Ha omermysauumTe a u b, Cmopem METOOOT Ha HajMaJu
KBaIpaTu Tpeba ma BasKu

n n
; 2 ~ 72

min (y; — ax; — b)” = E (y; —a'x; — V')~
(a,b)ER? < -

i=1 i=1
[Ta, canuno rako mperxonHo (Bumu [leckpunruBa crarucTrka, J[BomuMeH3nOH-
anHu obeseskja, OopenyBame Ha KOeDUIMEHTWTE Ha I[paBaTa Ha perpecuja), €O
pelraBame Ha CUCTEMOT

0S(a,b) 0S(a,b)

ga T

Kaae
n

S(a,b) =Y (i — az; — b)’,

i=1
ce nobmBaar pemeHujata (OLEHKUTE Ha @ 1 b KOOMEHM CO METONOT Ha HajMaJn
KBaApaTH)

~  Szy
- 3_2’ b =y—ax,
T
Kanoe n n "
1 1 1 —\2
IZE xmyzgzyia Sz - ($7,—Q§'),
=1 =1 =1
1 n
Sgy = ﬁ (l‘z - f)(yz - y)7
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(morazkm!). Ako o3Haumme co

Y —

S|

>
i=1

TOTrall OIEHyBa4dYUTE ILO6I/I€HI/I CO MEeTOJ Ha HajMa.TII/I KBIpaTu, CTaAaTUCTUKM KOU 3a-

BUCAT OX OIPUMEPOKOT (x1,Y)), ..., (z,,Y,) ce
1= LS - -7 = 5 S -y (6.5)
a = —F T; — X i = —F T, —X)r;, .
ns?2 — ns2 —

b=V —az = Z<1—— 7= 7)) Vi, (6.6)

(mokraskn!). VcTo Taka, cmopen MeTOIOT HA HAjMAIU KBaIPATU, KAKO OLIEHyBay 3a

o’ MOsKe Ia ce 3eMe

= — Z (@z; + D)) (6.7)

Bunejtu E(Y;) = ax; +b u D(Y;) = 02, 3a onenysauute a u b mvane

E@) = E(% > (@ —mi) = L S (@~ TV = n—; > (i = 7)o+ b) =

n b n
= é(%zl:(l’? _iCiT) + EZ(:L’@ —f)) = é(asi +b0) _

1 n
:—Z(axi+b)—afzaf+b—afzb,
n
i=1

IITO 3HAYM OeKa d 1 b ce HempUCTPaCHM OIeHyBauu 3a a 1 b coonsetrno. IlomaTamy,
Ol He3aBUCHOCTA HA &, | = 1,..,n CJlIeau W HE3aBUCHOCTa Ha Y; = ax; + b + &,
i=1,..,n (mokaxmu!). 3aToa, 3a qucnep3uuTe HA 4 U b UMamMe

2 N 2 —2
D(@@) =~ -0, D(b) :“—(1+x—2) -0,

ns n

x T

Kora n — 0o (mokasku!), O Kaje 3akiIydyBaMe IeKa @ U b ce KOH3UCTEHTHU OILEHY-
Bayu 3a a U b COOABETHO.
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Ako cera ja pasriemaMe CTATUCTUKATA ar + b KAKO OlleHyBau 3a ar + b, bunejiu

2

- N _ =)2
E@r +b) = ax + b, D(@r + ):%(H(‘%S—f)) =0,

Kora n — 0o (mokasku!), 3akaydyBaMe HeKa ax +b € HeNPUCTPACEH U KOH3UCTEHTEH
oleHyBayY 3a axr + b.
Ho, 3a onenysauor 6> mnepurupan co (6.7) umame

E(G*) = E(% i(Yi — (@ +6))2> == ; 2 52

i=1

(mokasku!), om Kame 3akaydyBaMme NeKa TOj He € HEIPUCTPACEH OIEeHyBad 3a o-.

3aToa, HETOBATA KOPEKIUja, OIMEHYBAYOT

n
22 1
o

- — SV~ (@ +))? (6.8)

=1

€ HEIIPUCTPaCEH OIEHYBa4 3a 0'2.

3a ma rm KOPUCTUME HajIOeHWUTe OIeHyBauu Ipu Oapame Ha WHTEPBAJIU HA
oBepOa 1 Tecupam-€ Ha XUIIOTE3U 33 ITapaMeTPUTe Ha perpecuja, IoOTpeOHOo € na
M 3HaeMe U HUBHUTE PACIpPEAeOn, TOUYHU U ACUMITOTCKU. 1aka, BO CJIyuaj Ha
roJieM IPUMEPOK, O LEHTPAaJHATA I'PAaHUYHA T€OPeMa, CIeAU AEKA OLEHYBAUNTE
a1 b ce aCUMITOTCKMA HOPMAJHU OLEHYBAYU 3& @ U b COOABETHO, OTHOCHO

2 =2

. 2 —~
@ N (0 25), SN (b, (14 5).
ns n

2
T Sz

Wcroro Basku u 3a omeHyBavoT ar + b, 3a KOj Ce MOKaKYyBa IEKa € ACUMITOIKA
HOPMAaJIeH OIeHyBaY 3a ar + b, 0MHOCHO

o 2 2
EL\:L’—FbﬂN(ax—l—b, 0—(14——(26 2x> ))
n s2

[Ia, 6pu Gapame Ha WHTEepBaJU HA O0BepOA U TeCTUpame HA XUMOTEe3u 3a a, b u
axr-+b Bp3 OCHOBA Ha TOJIeM IPUMEPOK, C€ KOPUCTUME CO TOPECIIOMEHATUTE PACIIPe-
nenabu, IpU IMTO HEMO3HATUOT IapaMeTap 02 TO 3aMeHyBaMe CO pean3alnja Ha,
oueHyBavor gedurupan co (6.7) uam (6.8), mTo BO Hpakca HeMa IOJIeMO 3HAUCHE
KOja OIleHKa Ke ce ombepe 3aToa ITO 3a TOJEeMU BPETHOCTU Ha N Pa3IUKaTa Mery
IBETE OLECHKUA € HE3HAUUTEIHA. R

3a Ja rv HajaeMe TOYHUTE paclpeneidu Ha OleHyBauyuTe a U b, BO ciaydaj Ha
MaJI IPUMEPOK MOTPEOHU Ce MOMOJTHUTEIHA IPETIOCTABKY 3a CIAyYajHUTE TPOMEH-

JUBU €;, ¢ = 1,...,n BO IMHEAPHUOT MOJEJ] Ha perpecuja Y; = ax;+b+e;, i =1,...,n.
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MMeHOo, MOKpaj He3aBUCHOCTA ce TpeTnocTaByBa u aeka &; ~ N(0, 02), i =1,...,n.
Opn Tyka ciaeou HeKa W CIydajHUTe TPOMEHJIUBU Yj, i = 1,...,n ce H3aBUCHU U 3a
HUBHUTE PaCIpeneion BaKu

Y; ~N(ax; +b, 6%),i=1,...n.

[Ta Toram, 3a TouHMTE pacupeneiadbu Ha oneHyBauuTe a u b nepurupanu co (6.5)
u (6.6) coomBerHO, MMaMe

i (o Z) BN (b S (14 5))

Oumejku mpeTcTaByBaaT JUHEApHA KOMOUWHAINMja O CIAYYajHUTE MPOMEHJIUBU Y,
i = 1,..,n. Bo oBOj cayudaj, cilydajHaTa TpOMeHJMBa 0> neduHupana co (6.7),
a UCTO Taka U KOPETMPAHUOT OleHyBau & mepunupan co (6.8), mpeTcraByBaaar
30Up OJ KBaJpaTy Ha OJAPENEHU JUHEAPHU KOMOMHAIMU OJ HOPMAJHO Paclpene-
JIEHU CJIy4YajHU IPOMEHJUBU Y;, a 1 b, Kou He ce He3aBucHU. Ho, ce mOKasKyBa IeKa,
1 BO TOj CayuYaj, pacupeneibaTa Ha Taka IPEeTCTaBEHATA CIAYyUYajHA MTPOMEHJIUBA €
Xu-KBagpaTr pacupenenbdba. Vmeno, Baku
N~ 2 n—2 2

20 ™ Xpg) OHOCHO —5= 0" ~ X, .

2 2

Hcro Taka, ce MOKaskyBa HeKa 4 U 0°, HO U b U 0° Ce HE3aBUCHU, IITO ITOMAara
Ipu OApeAyBalke HA TOUHUTE PACIPENe/On Ha CTATUCTUKATE KOU C€ KOPUCTAT IIPHU
Haolame Ha MHTEPBAJNTE Ha JOBEP0a 1 TECTUPAmE HA XUIIOTE3UTE 38 TapaMEeTPUTE

a, b u axr + b, uMeHO BakuU

(@—a)y/(n-2)s2  (a—a)y/ns?

T = = = ) ~ty_2,
g g
b—b)\/(n—2)s2 (b—1b)\/ns2
T2 = - tn—Q;

S/RrE s R
- (@ +b—ar—b)\/(n—2)s2  (ar+b—ax —b)y/ns? ,
’ 5\/s2+ (x —z)° 5\/2 + (x —T)? "

(moraukm!).

OnenyBaum 3a mapaMeTpuTe Ha perpecuja a, b u ¢° MOKe ma ce HajOoaT U CO
MeTOO Ha MakcumMaJiHa momooHocT. Ho, u Bo T0j ciyuaj moTrpebHU ce mOMOJI-
HUTEJHUTE MPETHOCTABKU 33 HOPMAJIHA PACIPENeJeHOCT Ha CIyYajHUTE MPOMEH-
JUBU €;, ¢ = 1,...,n BO IMHEAPHUOT MOJeJ] Ha perpecuja Y; =ax;+b+¢e;, 1 =1,...n,
UMEHO TIOKpaj He3aBUCHOCTA ce mpermnocTaByBa u meka &; ~ N(0, 02), i =1,...,n.

2
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['o osnauysame co t = (a, b, 0%) BEKTOPOT O] HEMO3HATYU TapaMeTPU KOj mpumara
Ha IIPOCTOPOT O IapaMeTpu

0 ={(a,b,0°) |a €R, bR, ¢° > 0}.

Toram, ¢yHEIMjaTa Ha IOTOOHOCT €

n

1
L(z,y.t) = 2m0) " exp{—5 5 > (v — az; — )},
g
=1

Co pemaBame HA CUCTEMOT PABEHKU HA MOJOOHOCT

OlnL(z,y,t) 0 OlnL(z,y,t) 0 Oln L(x,y,t)

N n Jo?

Oa ’ ob =9,

2

mo a, b u 0° ce mobuBaaT perreHujaTa

_Say o, 5 1 - 2
a=-5 b=7—aT, o —EZI(aa:i—l—b—yi)

x

(mokasku!), om Kame 3akiIydyBame Ieka MakcumaJsHo nonobuu (ML) oumenysaum 3a
a, bu o2, ce a, b u 02, nepunrupanu co (6.5), (6.6) u (6.7) coomBeTHO.
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A Hekxou moMoImHU TBPIEeHa

Ienra meron. Hexa saxncu
dist.

an(X, —0) — Z,

kade 0 e xowcmanwma, {a,} e Huza 00 peasnu bpoesu maxa wmo lim, , ., = 400 u
Z e cayuajna npomenauea. Axo g(x) e nenpexunamo dugepenyujabusna dyrryujae 6o

x =0, mozaw
dist.

an(9(Xn) —g(0)) — 4'(0)Z.

dist.

IHoxaz. On a,(X, —0) Z ce mobusa nmeka X, 5 0. Nmeno 3a ¢ > 0,

P{|X, —0| <e} = P{—ane < a (X, — 0) < ane} — Fz(+00) — Fz(—o0) =1,

kora n — +oo. Ilomaramy, om yciaoB ¢(r) e HempekuHATA (YHKIU]a, 118 HEj3UHUOT
TajmopoB pa3soj Bo x =60 e

9(Xn) = 9(8) + ¢'(0,)(Xn — 0),

, P
kane ¢ e mery X, m 6, omaocuo Baxkm |0 — 0| < |X,, —0|. 3aroa, ox X,, — 0,

* P / _ / * P
cnemu neka 0F — 0, u on ¢'(x) menpekunara Bo x = 6 cenemu neka ¢'(07) — g(0).

Cera,
dist,

an(9(Xn) = 9(0)) = ¢'(07)an(Xn — 0) — 4'(0) Z,
cuopen teopemara ua Slutsky 3a X, = a,(X,, —0) u Y, = ¢(0;). 3abenemxa.
TBpaemero Baky M BO IOONINT CJIydaj, Kora ¢(r) He MOpa na € HEIPEKUHATO
nudepeHnrjabuIHa QyHKIT]ja. n

dist, P
Teopema Ha Slutsky. Hexa X, =5 X uY, — 0, xade 0 e xoncmarnma. Tozaw,
dist.

(i) Xn+Y, — X+6,

dist,

(ii) XY, &5 0X,

Lo x, dist. x
(i) 3 — 7
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. 1 —x2/2
Tabauna 1: Bpennocru na ¢pyurumjara ®(z) = 7€ / , [7]
¥ | a i E i 4 k! & ¥ B ]
(1] DuBUES | BUAS | TuEe | MBS | degs | Jagd | jeml | doen | g b
i1 M0 I9ET | el | Wse | 395) | 34y | wae ) 3993 | 393w | was
o2 W a2 3Edd | EEY | Ete | ss | st | sedT | 3pae | oy
4.3 R4 3800 | ATl | ATTR | AMES | 0TAr ¢ oy | amae | 3 | s
0.4 dsBi| deed | 3653 | 3637 | 36X} | JeDd | 3sep | 3393 | 3955 | adaw
iL,5 BEZH| 3503 | BdES | 3457 | A | a9 | e | 33 | 3973 | 13
0.6 33T W2 | 32 | B | pESd | 5230 | 3200 | MeY | 3466 | e
07 323 MM | oM | Bose | S044 | 30ee | dowe | Soed | asdy | o
LK 2897| 2873 2630 | 2617 | 00 | Fwm | 7TS6 | 232 | 2w | s
e 66| | 60T | 343 | Isee | MSe | 75el | 2906 | 2ene | Baem | 2eas
I
i DIANY) 2396 | 2AT | 29T | 3338 | a3 | 33 | 3Em | o ! 20
il 2T N85 | 208 | 2007 | 3ws | 2080 | 3008 | 2012 | |9e9 | 19es
1.2 19411 FPaje ERNE | BRT: | iRd9 | e | uoa T 1758 | 4734
1.3 I8 @631 | De6% | Ie47 | peds | peM | 35E2 | 1861 | 1900 | 13i®
1.4 9| WTE | pAE | B L gy | g | g3 | aase | s | d3ks
1.5 I2a%] 1376 | 1257 | 1208 | r29 | wdee | e | ees | bias | aaar
L& 11094 b2 | (T4 | EDsT | D0 | jo2) | 1006 | Dede | eeTH | owsT
L7 O | OU25 | @Y | gEed | TS | ER&S | DRSH | DEI] | BEIR | s
I O | 0775 | 076l | 048 | 070 | 0721 | OM07 | 0694 | 06R1 | DegY
[N 456 | D622 | 08532 | 062D | dnos | WGs | Gses | 08T | o561 | pEa)
| | |
1 nasdn | osXe | 0519 | 0508 | O49r | ooags | 0478 | Osee | 59 | D
1 044001 @431 | 0422 | o413 | 0404 | 0196 | B0ET | 037w | ean | 0363
g OX35 | 0347 | @x30 | pade | @95 | om0y | o000 | o363 | oger | ooen
By | s3] oEvy | o@m | égsd | oisa 0252 | 46 | d240 | oxys | oize
A 1k m R ] ] O GME | 0300 | oee | Oige | ome | Oesd Had
25 75| Tl AT | eS| OIS | 0154 | ois) | @047 | miay | onae
L BIWE L GEXZ | 2T | Ble D022 | oy | e | oeiEe | oouie aur
1.7 DI04 | Olol | 0699 | O0eE | 0093 | DOYT | ORE | DORG | (O0OR4 | coBl
LE DO74 | PT | 0078 | o07y | 0071 | D6se | 00s7 | posd | o041 | ool
28 D060 | OOSB | 0056 | 0055 | 003 | 063) | 005D | obdd | 0047 | Ods
14 Goddad | ey | ppdl | boso | oode | odss | ooar L OEE | AR5 | 0054
3.4 0033 | 0031 | o030 | @030 | 0029 | poze | o027 | oo2e | oods | puds
Al D024 | 623 R03R | ORI OB G020 | 002G | 801D | DOUE Rk
3,1 BRTE 00T | aps | obee | oS | 00es | Dore | poid | podl fE R
i4 Q002 | T | 001 | 0Ol | 00L1 | 0N | 00O | G040 0009 | poow
3.5 2 | Ol | g Oidig | O00E | 0007 | 007 | 0DOT | omeT | D00s
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Tabauua 2: Bpennoctu Ha ¢ynrmmjata Og(x) = T Jy e du, (7]
1
£ ¢ | 2 i 1 L1 e T B i
!
I
i MWy | DOOSS | T | RRIST [ RESEE | 00 %ed | 02E%E ) 02T | 030EH | O3%He
il OF9E) | IRD | DATTE | DEITE | 0SET | 05862 | 06356 | DET4R 0142 | OVARS
02 R ORIIT | DETR | Q5095 | Geada) | O9ATI | (0257 | loedl | romde | ) a0
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Tabmuna 3: Tabnuna ma Xu-kBampar pacnpeneata P{x? > x
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Tabauna wa Crynearosa pacupenenba P{|t,|

Tabnuna 4
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Tabnuna 5: Tabnuna na Pumeposa pacupenenta P{Fy, r, > Fi, k.of = o, [1]

a=0,05
k\K, 1 2 3 4 3 6 7 3 9 10 11 12

1 161 200 215 225 230 234 237 239 241 242 243 244
2 185 190 192 193 193 193 194 194 194 194 194 194
3 101 955 928 912 901 894 888 884 881 878 876 874
4 771694 659 639 626 616 609 604 600 596 593 5.9
5 661 579 541 519 505 495 488 482 478 474 470 468
6 599 514 476 453 439 428 421 415 410 406 403 400
7 559 474 435 412 397 387 379 373 368 363 360 357
8 532 446 407 384 369 358 350 344 339 334 331 328
9 512 426 386 363 348 337 329 323 318 313 310 307
10 496 410 371 348 333 322 314 307 302 297 294 291
11 484 398 359 336 320 309 301 295 290 286 282 279
12 475 388 349 326 311 300 292 285 280 276 272 269
13 467 380 341 318 302 292 284 277 272 267 263 260
14 460 374 334 311 296 285 277 270 265 260 256 253
15 454 368 329 306 290 279 270 264 259 255 251 248
16 449 363 324 301 285 274 266 259 254 249 245 242
17 445 359 320 295 281 270 262 255 250 245 241 238
18 441 355 316 293 277 266 258 251 246 241 237 234
19 438 352 313 290 274 263 255 248 243 238 234 231
20 435 349 310 287 271 260 252 245 240 235 231 228
21 432 347 307 284 268 257 249 242 237 232 228 225
22 430 344 305 282 266 255 247 240 235 230 226 223
23 427 342 303 280 264 253 245 238 232 228 224 220
24 426 340 301 278 262 251 243 236 230 226 220 2,18
25 424 338 299 276 260 249 241 234 228 224 220 216
26 422 337 298 274 259 247 239 232 227 222 218 215
27 421 335 296 273 257 246 237 230 225 220 216 213
28 420 334 295 271 256 244 236 229 224 219 215 212
29 418 333 293 270 254 243 235 228 222 218 214 210
30 417 332 292 269 253 242 234 227 221 216 212 209
32 4,15 3,30 2,90 2,67 2,51 2,40 2,32 2,25 2,19 2,14 2,10 2,07
34 413 328 288 265 249 238 230 223 217 212 208 205
36 411 326 286 263 248 236 228 221 215 210 206 203
38 410 325 285 262 246 235 226 219 214 209 205 202
40 408 323 284 261 245 234 225 218 212 207 204 200
2 407 322 283 259 244 232 224 217 211 206 202 199
44 406 321 282 258 243 231 223 216 210 205 201 198
46 405 320 281 257 242 230 222 214 209 204 200 197
48 4,04 3,19 2,80 2,56 241 2,30 221 2,14 2,08 2,03 1,99 1,96
50 403 318 279 256 240 229 220 213 207 202 198 195
55 4,02 3,17 2,78 2,54 2,38 2,27 2,18 2,11 2,05 2,00 1,97 1,93
60 4,00 3,15 2,76 252 237 2.25 2,17 2,10 2,04 1,99 1,95 1,92
65 399 314 275 251 236 224 2,15 208 202 198 194 190
70 398 313 274 250 235 223 214 207 201 197 193 189
80 39 311 272 248 233 221 212 205 199 195 191 188
100 394 309 270 246 230 219 2,10 203 197 192 188 185
125 392 307 268 244 229 217 280 201 195 190 186 183
150 391 3,06 2,67 243 2,27 2,16 2,07 2,00 1,94 1,89 1,85 1,82
200 389 304 265 241 226 214 205 198 192 187 18 180
400 38 302 262 239 223 212 203 196 190 185 181 178
1000 385 300 261 238 222 210 203 195 189 18 180 176
o0 384 299 260 237 221 209 201 194 188 18 179 175
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Tabnuna 5: (nponosmkeHue)
=005
kb, [ 14 1620 24 30 40 S0 75 10200 S0 e
1 345 246 248 249 250 251 252 253 253 254 254 254
2 | 194 194 194 195 195 195 195 195 195 195 195 195
3| 871 869 866 864 862 860 858 857 856 854 854 853
4 | S8 s84 580 577 574 571 570 568 566 S65 564 563
s | 464 460 456 453 450 446 444 442 440 438 437 436
6 | 396 392 387 384 38 377 375 372 371 369 368 367
7 | 3s2 349 344 341 338 334 332 329 328 325 324 323
8 | 323 320 314 312 308 305 303 300 298 29 294 293
o | 302 298 293 290 28 28 280 277 276 273 272 271
10 | 286 282 277 274 270 267 264 261 259 256 254 253
1| 274 270 265 261 257 253 250 247 245 242 241 240
12 | 264 260 254 250 246 242 240 236 235 232 231 230
13 | 255 251 246 242 238 234 232 228 226 224 222 221
14 | 248 244 239 235 231 227 224 221 219 216 214 213
15 | 243 239 233 229 225 221 218 215 212 210 208 207
16 | 237 233 228 224 220 216 213 209 207 204 202 201
17 | 233 220 223 219 215 211 208 204 202 199 197 196
18 | 220 225 219 215 211 207 204 200 198 195 193 19
19 | 226 221 215 211 207 202 200 196 194 191 190 188
20 | 223 218 212 208 204 199 196 192 190 187 185 184
2 | 220 215 209 205 200 1% 193 189 187 184 182 181
2 | 218 213 207 203 198 193 191 187 184 181 180 178
23 | 214 210 204 200 19 191 188 184 182 179 177 176
24 | 213 209 202 198 194 189 18 182 180 176 174 173
25 | 211 206 200 196 192 187 184 18 177 174 172 17
% | 210 205 199 195 19 18 18 178 176 172 170 1,69
27 | 208 203 197 193 188 185 180 176 174 171 168 167
2% | 206 202 19 191 187 181 178 175 172 169 167 165
29 | 205 200 194 19 185 18 177 173 171 168 165 164
30 | 204 19 193 18 18 179 176 172 169 166 164 162
2 | 200 197 191 18 18 176 174 169 167 164 161 159
34 | 200 195 18 18 180 174 171 167 164 161 159 157
36 | 198 19 187 182 178 172 16 165 162 159 156 155
¥ | 196 192 185 18 176 171 167 16 160 15 154 153
a0 | 195 190 184 179 174 169 166 161 159 155 153 151
2 | 194 18 182 178 173 168 164 160 157 154 151 149
44 | 192 188 181 176 172 166 163 158 156 152 150 148
46 | 191 187 180 175 171 165 16 157 154 151 148 146
a8 | 19 186 179 174 170 164 161 156 153 150 147 145
50 | 190 185 178 174 169 163 160 155 152 148 146 144
ss | 188 183 176 172 167 161 158 152 150 146 143 141
60 | 186 181 175 170 165 150 156 150 148 144 141 139
65 | 185 180 173 168 163 157 154 149 146 142 139 137
70 | 184 179 172 167 16 156 153 147 145 140 137 135
80 | 182 177 170 165 160 154 151 145 142 138 135 132
w0 | 179 175 168 163 157 151 148 142 139 134 130 128
125 | 177 172 165 160 155 149 145 139 136 131 127 125
150 | 176 171 164 159 154 147 144 137 134 129 125 122
200 | 174 160 162 157 152 145 142 135 132 126 122 119
40 | 172 167 160 154 149 142 138 132 128 122 116 113
1000 | 170 165 158 1,53 147 141 136 130 126 119 113 108
w | 169 164 157 152 146 140 135 128 124 1,17 111 100
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Tabauna 5: (mponosskenue)
= i i ———=_ =
L |1 i ¥ 4 ¥ & 7 ¥ y & 3 U
1 JEI U 400 S6as 5060 GRS SUZH SOR1 BOO3 AOAR AORZ BIDE |
1 S mp B A peF I b} N4 994 W4 Wa 9y
3 Mr MR 3 My B2 My B % ir #¥r 9
9 212 WA WY OWMD O 15F 52 O I/R A AT S WE S e
s MmE AR 1Ed Ba e mF o es 13 m2 0 Wl el o
& (5 lae I 15 ET5 BAT R’ 24 & 10 THR TET il ) i
7 L1 B35 W45 TRS TA5 719 LH f ML f.71 LT H54 AT
= T N T.50 T fif f AT 1 & [ im RR2 L | 07
L] 1f B am L I R L 1] iR2 547 L 526 51E LA
T Iy 758 AR 5 0 Snd 5.0 2 50 495 ARS 47K 471
1 BAS  TI AZ ST SR SDF 4B A amd 454 488 A8
12 833 EE1 595 A4 SM 482 481 A4S0 409 430 4% 406
13 R0R & AT 3D 4BR  4ED 4 490 409 400 4 3%
id SBh 51 oSS  S0E 4D Lk O &l 408 dBe 38 LD
15 ASE A 542 480 486 423 44 4D AFR AR AT AN
16 83 X 53 437 da4e 430 40 39 ATE AR RM 0 AW
17 A0 BJ) OSME AT 434 aib 3 310 AER  As 3%2 148
1 B38 KBl S0 4% 4%, 400 MRS AT1 AR A 3 AW
L] AR RW miE a8 40F NS 17 8@ 3% 183 AN LW
0 Bl 2R uEk L83 40D AET AM RS A AW 3 1A
n BOE AT 4 4% 404 3E O dA8 RS 30 AN XM 11T
2 O 4m @R &M IO 3T A% 2ad 38 AN 30k w2
=} TRE OSEE 47R 4% 84 3T A% 3@ 33 33T A4 AT
24 THE  SAl ATH: 4D ASD MET S0 A% 329 3B A0 am
P THOS8 4ed 4B FAR A sae BB 83 Wl ies 1oy
0 I OAS 4 44 FRTO3Y ZAX 3™ 317 L A0 298
vl THE 540 4D 11 AP0 ORSA 3B BW 314 3 20w 2o
N PR 343 4% 4 S A% A% 333 30 W 28 2
2} TR 547 4% 4 AT 3S 3 3N A am 29 2ET
) ThE fW O 4% H2 EFW 347 3 EM 0 308 aew 390 ZEd
12 TAD S 446 TWT AR T4 O3 L2 A 2M4 285 2
M Tk 5 442 103 Xl A 12l Al F A 2849 ey LTE
kY FI  S3 A0R LMW O XMOR T e W Im 1m0 Im
m TAS  OSDT O43M Ak R 332 RIS de2 MM M2 215 1w
et TH IR 431 KR XS] 3 312 1w 2EE A0 293 2
42 T2 ORI 420 AT 34 334 30 296 2AR 2T TN 264
44 TH §12 436 3% Jad 33 P I 28 3 2ER 1A
) I R 43 AW ¥4 32 O8I Z@2 EMY 2 2MD
E i GEE 427 AW X2 O I W O ZED O ITY EE 1M
% 717 SpR B30 ATZ 34 R M2 IR I78 230 1A 1% |
LR 742 FE 406 BR3P AdS  BWE 1@ BN 15k 2@ ima |
fin Tam 488 A1 T T8 B4 reE 1m0 272 I8 w2 |
6 T 4£9% 400 3EE AW 3 18y 1M rW 3A1 2 I
™ M 49 40 AF0 XM A7 290 ETY OMET 198 15) 24N |
e AO6, 48R 44 XS 308 YO IR X% AR 3ss 1MR o am
i 90 48 1M 35 1M I AR LMD @ Imp 31G iw
125 ARd 47" 38% 347 X7 185 299 245 ISR 24T Zad 133
18 BRI 475 IML 44 Rja Z02 IME 1M 233 aA4 W A
i B 471 AR 34 B :en ITR O 160 2M) J4d  tm 3R
oy ATD 46 AR 336 JOR  ZHS 247 28 TR 237 1M A
Iee | HAR:  4A2  3A0 239 ADM R 26 283 243 XM M 210
- fdd 460 TR 3B 302 im0 ¥AE XS 240 3w I AR
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Tabauna 5: (IpomoirkeHue)

a=0,01
k\K, 14 16 20 24 30 40 50 75 100 200 500 o

1 6142 6169 6208 6234 6258 6286 6302 6323 6334 6352 6361 6366
2 99.4 99.4 99.5 99.5 99.5 99,5 99.5 99.5 99,5 99,5 99.5 99.5
3 26,9 268 26,7 26.6 26.5 26,4 26,4 26,3 26,2 262 26,1 26.1
4 142 14,2 14,0 13,9 13,8 137 137 13,6 13.6 135 135 13.5
S 9,77 9,68 9,55 947 9,38 9,29 9,24 9.17 9,13 9,07 9,04 9,02
6
7
8
9

7,60 7,52 739 7,31 723 714 7,09 7,02 6,99 6,94 6.90 6,88
6.35 6,27 6,15 6,07 598 5,90 5,85 5,78 575 5,70 5,67 5.65
5,56 548 5,36 5,28 520 5,11 5,06 5,00 496 491 488 4,86
5,00 492 4,80 4,73 4,64 4.56 4,51 445 441 4,36 433 4,31

10 | 4,60 4,52 441 433 425 4,17 4,12 4,05 4,01 3,96 3,93 391
11 429 421 4,10 4,02 394 3.86 3,80 3,74 3,70 3,66 3,62 3,60
12 4,05 398 3,86 378 3,70 3,61 3,56 349 346 341 3,38 3,63
13 385 378 3,67 359 3,51 342 3,37 3,30 327 321 3,18 3,16
14 370 3,62 351 343 3,34 3,26 321 3,14 3,11 3,06 3,02 3,00
15 3,56 348 3,36 329 320 3,12 3,07 300 297 292 2,89 287
16 345 337 325 3,18 3,10 3,01 2,96 2,89 2,86 2,80 2,71 2,75
17 335 327 3,16 3,08 3,00 2,92 2,86 279 2,76 2,70 2,67 2,65
18 327 3,19 3,07 3,00 291 2,83 2,78 2,711 2,68 2,62 2,59 2,57
19 3,19 3,12 3,00 292 2,84 2,76 2,770 2,63 2,60 2,54 2,51 249
20 313 305 294 2,86 277 2,69 2,63 2,56 2,53 247 2,44 2,42
21 307 2,99 2,88 2,80 272 2,63 2,58 2,51 247 2,42 2,38 2,36
22 3,02 2,94 2,83 275 2,67 2,58 2,53 2,46 242 2,37 2,33 2,31
23 297 2,89 2778 2,70 2,62 2,52 2,48 2,41 237 232 2,28 226
24 2,93 285 274 2,66 2,58 2,49 2,44 2,36 233 227 2,23 2,21
25 2.89 2,81 2,70 2,62 2,54 2,45 2,40 232 229 2,23 2,19 2,17
26 2,86 2,77 2,66 2,58 2,50 2,41 2,36 2,28 225 2,19 2,15 2,13
27 2,83 2,74 2,63 2,55 247 2,38 233 225 221 2,16 2,12 2,10

28 280 271 2,60 2,55 244 235 2,30 222 2,18 2,13 2,09 2,06
29 2,77 2,68 2,57 2,49 241 2,32 227 2,19 215 2,10 2,06 203
30 2,74 2,66 2.55 247 2,38 2,29 2,24 2,16 2,13 2,07 2,03 2,01
32 2.70 2,62 2,51 2,42 234 225 2,20 2,12 2,08 2,02 1,98 1,96

34 2,66 2,58 2,47 2,38 2,30 221 2,15 2,08 2,04 1,98 1,94 1,91
36 2,62 2,54 243 2,35 2,26 2,17 2,12 2,04 2,00 1.94 1,90 1,88
38 2,59 2,51 2,40 2,32 222 2,14 2,08 2,00 1,97 1,90 1,86 1,84
40 2,56 2,49 2,37 2,29 2,20 2,11 2,05 1,97 194 1,88 1,84 1,81
42 2,54 2,46 235 2,26 2,17 2,08 2,02 1,94 191 1.85 1,80 1,78

44 2,52 2,44 232 224 2,15 2,06 2,00 1,92 188 1,82 1,78 1,75
46 2.50 2,42 2,30 222 2,13 2,04 1,98 1,90 1,86 1,80 1,76 1,74
48 2,48 2,40 2,28 220 21 2,02 1,96 1.88 1,84 1,78 1,73 1,70
50 246 2,39 2,26 2,18 2,10 2,00 1,94 1,86 1,82 1,76 1,71 1,68

55 243 2,35 2,23 2,15 2,06 1,96 1,90 1,82 1,78 1.7 1,66 1,64
60 2,40 2,32 2,20 2,12 2,03 1,93 1,87 1,79 1,74 1,68 1,63 1,60
65 237 2,30 2,18 2,09 2,00 1,90 1,84 1,76 1,71 1,64 1,60 1,56
70 2,35 2,28 2,15 2,07 1,98 1.88 1,82 1,74 1,69 1,62 1,56 1,53

80 2,32 2,24 2,11 2,03 194 1,84 1,78 1,70 1,65 1,57 1,52 1,49
100 2,26 2,19 2,06 1,98 1,89 1,79 1,73 1,64 1,59 1,51 1,46 1,43
125 223 2,15 2,03 1,94 1,85 1,75 1,68 1,59 1,54 1,46 1,40 1,37
150 220 2,12 2,00 191 1,83 1,72 1,66 1,56 1,51 143 1,37 1,33
200 2,17 2,09 1,97 1,88 1,79 1,69 1,62 1,53 148 1,39 1,33 1,28
400 2,12 2,04 1,92 1.84 1,74 1,64 1,57 1,47 142 1,32 1,24 1,19
1000 2,09 2,01 1,89 1,81 1,71 1,61 1,54 1,44 1,38 1,28 1,19 1,11

o0 2,07 1,99 1,87 1,79 1,69 1,59 1,52 1,41 1,36 1,25 1,15 1,00
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Tabnumna 6: Tabauna va Kommoroposa pacupenenta P{D, > d,.} = «, [§]

" a=020|a=0)10 a=005 | =002 | w=00)
| 0,900 0,950 0,975 0,990 a,noe5
2 0,584 0776 0842 0,500 0,929
1| 0565 06346 o708 0,745 0,879
q 0,493 0,565 0,624 0,681 0,74
5| 0447 D 509 0563 0,627 0,669
6 UAaL0 0,168 RAL 0577 naLT
T 0,381 0,436 0,483 0,538 0576
L} 0,359 0410 0,454 0507 n. 541
4 0,339 0,387 0,430 0,480 n513

10 2,323 0369 1,409 B,437 0,486

1 0,308 4,357 0,391 0,437 0, 468

12 0,296 0,338 0,373 0419 0,449
13 0,285 0,325 n.a6l1 0,404 n,432

14 0,275 0304 a,349 0,300 n418

15 0,266 0,304 0,333 0,377 0,404

16 0,258 @, 295 D327 8,360 0,392
17 0,230 0,286 0,118 1,455 &,384

I8 0,244 0,370 (e L 0, A48 BaTi

o 0,237 0,271 .01 0,a%T 0o

10 0,232 0,365 0, 204 a0 3 h

2 0,126 0,250 287 0,371 0,314

p = 0,221 0,253 0, Iu0 oa04 0,337

] 0216 0,247 0 27H 0.7 0,330

24 0212 0,247 (1,264 a.301 09,313

75 o, 708 0,238 0,254 0,105 o7

bl 0,204 0,233 @, 259 @, ¥00 @At

" 0,200 @729 0,254 .244 105

28 0,197 0,275 0,250 279 0,10

b1 0,193 0,221 @,244 0,275 1,295

30 0,150 D218 0,241 0,270 0 2ad

a5 nAT? 0,202 0,224 3,751 0,168

an a,166 0,186 e, 210 o, 9% n,152

45 0,156 0,17y 0,188 9,222 0,738

60 0,148 auTn 0,184 @211 0,226

55 0,142 0,167 (180 0,21 0,216

a0 0136 0,155 N s n,153 0,207

65 0,131 0,149 0,166 0,185 0,109

70 0,126 0,144 0,163 a159 010

T8 0,122 0,135 B, 154 n,173 0,185

RO | 0,118 0,118 0,150 0,167 0170

CE 0,114 o131 UREE 0,167 0,104

80 | a1 0,327 0,141 0,158 0,169

a5 0,108 2124 0137 0,154 0,165

|00 0,106 0,121 0,134 0,150 0,161
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